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Abstract

This paper extends Liu (2007) to capture lifecycle risks beyond investment returns and
studies the conditions under which lifecycle paths become stationary, establishing a basis
to compare lifepaths across generations. Modelling risky income, stochastic consumption
prices and risky returns together makes it possible to capture common factors embedded
into these processes through a shared state process. As in Liu (2007)), closed form solutions
are available when stochastic processes follow certain quadratic dynamics including the
models with stochastic market price of risk and stochastic volatility with market price of
risk proportional to volatility.

Investment returns together with income and consumption price changes are important
sources of uncertainty when taking consumption and investment decisions. Moreover, there is
evidence that these components are related beyond simple correlations, as argued by scholars
in the economic and finance literature. For instance, there is evidence pointing towards house
prices, rent prices and income cointegration (Malpezzi, 1999; Meen, 2002; Gallin, 2008; Holly,
Pesaran, & Yamagata, 2010)). Another case is cointegration between income and dividends as
argued by Benzoni, Collin-Dufresne, and Goldstein (2007). To capture these type of relation-
ships in a comprehensive manner, lifecycle models need to incorporate shared state processes
among asset prices, income and consumption prices.

There exist lifecycle investment models capturing each of the features described above,
but not all of them together. The earliest continuous time portfolio optimization problem is
Merton (1971)), which provides closed form optimal consumption and investment policies for
investors with constant relative risk aversion and human capital. Kim and Omberg (1996) and
Wachter (2002)) solved a similar problem under a stochastic but partly predictable risk premium
embedded into the state process. Liu (2007)) generalized this framework to investment and state
dynamics that follow quadratic processes, including stochastic volatility based on the Heston
model or the previous stochastic risk premium model. Benzoni et al. (2007) develop a lifecycle
model with return predictability by means of a stationary income-dividend ratio embedded in
the state process, and solve the problem numerically.

Stochastic consumption prices and Cobb-Douglas consumption bundle aggregators have
been widely used to model housing services. Early works like Damgaard, Fuglsbjerg, and
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Munk (2003), Cocco (2005) and Yao and Zhang (2005) were solved numerically and focused
on modelling housing frictions such as indivisibility and illiquidity. Kraft and Munk (2011
managed to obtain closed form solutions after removing frictions.

The main contribution of this paper is extending the consumption and investment problem
of Liu (2007)) to incorporate risky income and stochastic consumption prices sharing a common
state process while maintaining tractability. These new components share the state process with
asset prices, making it possible to capture more complicated relations such as cointegration.
Like in Liu (2007)), exact solutions to quadratic cases are general enough to include stochastic
market price of risk and stochastic volatility with market price of risk proportional to volatility.
Additionally I extend the separation theorem to derive exact solutions when state process
innovations are correlated between state components.

The consumption and investment problems faced by individuals share a common structure
regardless of parameters or time references. I find that, under some stationarity conditions,
a reference income process becomes a natural numeraire for individuals whose consumption is
exposed mainly to labor price risk or wanting to keep up with the Joneses. One may then prefer
to measure savings as years of average income saved and consumption rates in proportion to
average income.

In this paper I provide a comprehensive modelling framework, including an auxiliary asset
pricing model and tools to measure welfare changes under alternative investment strategies for
evaluating counterfactual scenarios. The asset pricing model considers investment assets, like
stocks, housing or bonds, as claims to a stochastic payoff stream. This is useful to structurally
relate asset prices with consumption prices or the income process, and to understand the
implications that those relations have on asset returns and common financial indicators under
rational assumptions. When imposing quadratic and affine structures, the solution to associated
pricing PDEs is very similar to that of zero-coupon bond prices with quadratic term structures
(Ahn, Dittmar, & Gallant, 2002), but generalized to stochastic payoff processes instead of a
deterministic unitary payoff.

I apply this model to a lifecycle investment problem with housing and income cointegration
in Garcfa (2026]). That companion paper captures housing, income and even stocks cointegra-
tion in a tractable lifecycle model exploiting the tools that I develop here. However it is more of
an empirical paper, since it estimates model parameters and evaluates the impact that housing
and income cointegration have on investment, consumption and welfare.

The structure of this paper is organized as follows. lays down financial markets
and the asset pricing model. solves the lifecycle investment problem and in
I study how to measure welfare changes under alternative investment policies. Then
analyzes the conditions under which lifecycle paths become stationary and comparable across
generations. explains how to solve PDEs encountered in the previous sections. Ap-

plications of this model are described in [Section 6] Finally provides some concluding
remarks. A summary of notation is provided in [Section A.1]

1 Asset prices and returns

Many investment assets can be understood as claims to future payoffs or to an stream of future
payoffs. For instance bonds are claims to future coupon payments and the principal, stock



shares are claims to future earning distribution payments and houses are claims to future rent
payments or dwelling rights, which are also valuable. Typically, investors purchase an asset
and collect payoffs until maturity or until they sell again the asset. Obtained returns depend
on the purchase price, on the value of collected payoffs and on the selling price. In turn, the
selling price of an asset depends on its remaining payoff claims and on market expectations.
These payoff processes may be related to one another or to state variables X;, and capturing
these relations may be critical to understand its return dynamics.

I begin this section explaining the model for financial markets. Then I derive the price to a
future risky payoff, the price to a stream of future risky payoffs and analyze the properties of
price multipliers. Afterwards I derive and analyze return dynamics.

In this economy, there is a state vector process X; of size nx driven by standard Brownian
motion vector Zy, of size ny, where the drift vector pux, = px(t,X;) and diffusion matrix
Yx+ = 2x(t,X;) may also depend deterministically on state X; and time

dXt :,LLX,t dt + EX,t dZX,t . (1)

The investment product universe available to individuals comprises the instantaneous risk-
free rate r; and risky assets with cumulative returns given by the vector process A; of size ny
with strictly positive components

dA
Tt =HA dt + 2,4775 dZA,t . (2)

t
The risk free rate r, == r(t, X;) as well as the assets drift vector pa, == pa(t, X;) and diffusion
matrix X4, = 34(t, X;) are deterministic functions of state X; and time. Returns are driven by
standard Brownian motion vector Z,4, of size nz, and it is assumed that the inverse covariance

matrix (2 A,tZ,Tax,t)_l exists almost surely. There exists a market price of risk vector A; =
A(t, X;) of size nz,, which may depend on state X; and time, satisfying the no arbitrage
constraint

EA,zt/\t = Mar — rel (3)
and the pricing kernel K; := K (¢, X;) of this economy has dynamics

dK;
— =—rdt — A dZ4 ;.
Kt t t At

Instantaneous correlation matrices between Brownian motion vectors are denoted by pon
and they correspond to the instantaneous rate of change of quadratic covariation, e.g. d[Zx,, Za:] =
pxaydt. In this case, the matrix process pxa; = pxa(t, X;) of size nyz, X nyz, is assumed to
depend only on time and state X;.

Brownian motion vectors belong to a filtered probability space satisfying the usual conditions
and control variables are assumed to be adapted to this filtration JF;, ensuring that decisions
at time t consider information available only up to that time. Partial derivatives are expressed
using operators and may omit secondary function arguments, for instance 9;f; = O.f (¢, Xy)
refers to the partial time derivative and Ox f; = Ox f(t, X;) to the partial state derivative. Also,
I denote the orthogonal projection matrix of ETA,t capturing the degree of market completeness
with
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Definition 1 (Replicability). Consider a scalar stochastic process ¢, with dynamics that can
be decomposed in terms of a drift p,, = p,(t, X, Hy) and a diffusion term driven by standard
Brownian motion vector Z,; of size nz, with diffusion matriz X, = X, (t, Xy, Hy)

d(pt =Mt dt + Zap,t chp,t .

Parameters may refer to some adapted vector process Hy, and the instantaneous correlation
between Brownian motions Z,, and Zay is denoted by poar = pya(t,Xt). Process ¢y is said
to be spanned by asset risk factors if process diffusion satisfies

Ego,t dZ@,t = Ecp,tpgoA,t dZA,t . (4)

Additionally process y; is said to be replicable if there exists investment strategy vector s, =
£,(t, Xy, Hy) that exactly reproduces the diffusion term

E(p,t dZ(p,t :g;,tEA,t dZA7t
which after substituting its projection &, = (EAvtEkt)fl YAiPhaSg, becomes
Yot A2y =g tPpni Py, dZas - (5)

Moreover process p; is said to be self-financing replicable if the replication strategy satisfies

dA
ngt S Ot dt -+ &Lt (Ttt — Tt]_ dt) . (6)

Lemma 1. A replicable process implies that it is spanned by asset risk factors.

Proof. Computing the quadratic covariation on both sides of with respect to Z,4, yields the
equivalence below, which can be replaced in to obtain ({4)).

YipiPoAt =XpiPeAiPsr |
O

Lemma 2. The quadratic variation of processes on each side of are equal if and only if
process @y is spanned by asset risk factors Z 4. Additionally, the quadratic variation of processes
on each side of are equal if and only if @, s replicable.

Proof. See [Section A.2] O

Having establish the setting, now I proceed to derive price of claims to future payofts.

1.1 Price of a payoff claim

Consider the strictly positive scalar payoff process ); below with time and state dependent
parameters jig; = po(t, X¢), 2o+ = Xg(t, Xt). It is driven by standard Brownian motion vec-
tor Zg, with time and state dependent instantaneous correlation matrices pga. == poa(t, Xi),
pxot = pxq(t, X) to previously defined Brownian motion vectors.

dQy = Qq (ngudt + g dZg,) (7)



Lemma 3 (Terminal payoff price). The price Q(t, Xy, Qy; T) at time t of an uncertain payoff
Q1 to be received at time T s

Qt, X, Q;;T) =E, [%QT} = QQ(t, X;; T)

where price multiplier Q(t,Xt;T) solves the following partial differential equation (PDE)
0 :atQt + Q(t7 X T) (MQ,t — Tt — EQ,thA,tAt)

. 1 _
+ (Ox )T (xe + Exy (pXQ,tETQt — pxae)) + 3 tr <2X,t2}(7taXXT Qt) (8)

with boundary condition Q(T, X T) =1, assumz'ng that the price process is spanned by asset
risk factors Zaz. When asset price Q(t, Xz, Qu; T) is replicable (Definition 1)), the replicating

strateqy is
P}(A,tzg(,taXQt + pTQA,tZTQ,tQt@QQt

-1
moe = (24 Dh,)  Dag Qt, X1, Qi T)

producing the following self-financing portfolio dynamics

d€, dA,
Ft :Ttdt + 7Tg]7t (Tt — Tt]- dt) .
Proof. See for the price and for the replicating strategy. O

On the technical side, the linear PDE (8) for price multiplier Q(t, X;;T) is an instance of
the semi-linear PDE for ¢(t, X;) described in and studied in [Section 5| The explicit
relationship between them and some additional remarks can be found at the end of [Section A.3|

The price Q(t, X, Qy; T') of a claim to a future payoff in is the current value of the
payoff process times a state dependent price multiplier Q(t, Xy;T). The first line of shows
that price multipliers incorporate expectations about payoff trends, the risk free rate discount
and a discount for payoff risk at the market price of risk. On the second line we can see that
price multipliers also incorporate expectations about state trends, their relation to payoffs and
a discount for state risk at the market price of risk.

Lemma 4 (Payoff stream price). The price Y(t, X;, Qu;T) at time t of an uncertain payoff
stream Q¢ with dynamics from time t to T in terms of Q) from
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T T
T<t7Xt7Qt;T) :/ Q<t7Xt7Qt;S) ds = Qt/ Q(t>Xt>8) ds. (9)

When asset price Y(t, Xy, Q;T) is replicable (Definition 1)), the replicating strategy is

p}(A,tE}(,taXTt + PéA,tzé,tQtaQTt

-1
Tt = (EA,tEL,t) Zat T(t, X:, Qi T)

and self-financing replicating portfolio dynamics allow distributing a continuous payoff stream

Q:

A
dYy = — Q¢ dt + T4 (Ttdt+7TﬁTr,t (% - Ttldt)) .

t

!The price is algebraically the same without this assumption, however one could argue that unspanned risk
factors have an undefined price of risk. Without loss of generality, one can explicitly enlarge Z4; with those
extra risk factors and assign them a zero market price of risk to remove ambiguity.



Proof. See for the price and for the replication strategy. O

The price Y (¢, Xy, Qy; T) of a payoff stream is the integral of payoff prices over maturities
up to time 7. This payoff stream price can be decomposed into the current value of the payoff
process (); and a state dependent price multiplier integrating the previous (¢, X;; s) payoff

price multipliers from over maturities s € [t, 7.

1.2 Price multiplier stationarity

Asset pricing models typically capture some stylized facts about financial markets or some
hypothesized relationship, while satisfying some restrictions, rational assumptions and main-
taining plausibility with respect to other empirical findings. Examples of financial indicators
and mechanisms include mean reversion of interest rates (Vasicek, |1977) or the dividend yield
(Campbell & Shiller, [1988). With respect to model restrictions, stationarity of price multipliers
is often assumed to rule out rational bubbles in infinite horizons (Blanchard & Watson, |1982).

Many financial indicators are stated in terms of price multipliers or their inverse ratios.
For instance, common stock market indicators include price-to-earnings, price-to-dividend or
the dividend yield. The bond market has the price-to-coupon or the current yield ratio. With
respect to real estate, indicators include the price-to-rent ratio or the rent yield. These financial
indicators are usually constructed keeping some index characteristics fixed but allowing changes
in the underlying constituents. U.S. treasury indicators show the current yield ratio for 2-year,
5-year, 10-year and 30-year constant maturities. Stock market indicators typically show the
price-to-earnings for the largest firms within a sector by market capitalization, and some housing
market indicators capture the average price-to-rent ratio for house sales occurring within a given
geographical area.

Lemma 5 (Price multiplier stationarity). Suppose that market parameters only depend on state
vector process X; but not on time. Reformulating terminal time T' = t + 70, of PDE m
terms of a reference time horizon T, characterizes a price multiplier Q(TTyt, X;) with boundary
condition Q(O,Xt) = 1 that depends on the reference time horizon 1r, and state X;, but not
directly on time. Additionally, suppose that the reference time horizon process Try depends only
on the state process X; or is constant. Then|Lemma 5 and|Lemma 4| price multipliers are pure
mapping functions of the state process X

Q(t, X, T~ A
( ) 5Qt’ ) :Q(t,Xt, t+ TT’t> - Q<TT,t7Xt>
t
Y(t, X, Qi T) [T - "
(t, CSQta ) :/ Qt, Xyt +s)ds :/ Q(s, Xy) ds
t 0 0

with pushforward distributions F %,F z mapped from the state cumulative density function Fx.

Suppose further that the state process is stationary, i.e. its unconditional path distribution over
any interval [t1,t,] is invariant for any time shift h

d
Xty thtn+h] ~ X[t1,tn] (10)

then by Kallenberg (2021, Lemma 25.1) price multiplier distributions F%,F% are also stationary.

can be used to model price multipliers based on stationarity assumptions or to
capture stylized facts about financial indicators. Note that arguments in |[Lemma 5| extend



naturally to aggregate price multipliers and composites. This can capture assets composed of a
payoff stream and a final payoff, like bonds composed of coupons and a principal, or like houses
composed of rent payments and a residual land value.

1.3 Return dynamics
The value of a portfolio Ag; investing in a terminal payoff claim is solely driven by changes in
the price of the claim, so Aq; = Q(t, Xy, Qy; T') with dynamics

Ao, _dO(X, QuT) (1)
AQJ Q(t7Xt7Qt7T) .

The value of a portfolio Ay investing in a payoff stream with price Y (¢, Xt, Q¢;T) and rein-
vesting intermediate payoffs in an equivalent portfolio since time ty corresponds to

Avy
L ds. 12
I, (12)

t
AT,t = T(t?Xb Qt>T) +/ Qs
to

Using [t6’s lemma we can arrive at the return dynamics below, that account for the intermediate
payoff @Q); received on top of price changes in the payoff stream claim Y (¢, X;, Qy; T) for t € [to, T)

dAT,t _ Q1 dt + dT(t;XtaQt;T)
A’I‘,t T(t> Xt,QﬁT) T(t,Xth;T) .

(13)

Return dynamics are more explicitly described in [Lemma 6 All asset return dynamics share
the risk free rate r;, the market price of risk A; and the risk factor dZ4 ;. They differ only in
the risk premium and risk exposure, which are both proportional to the risk loading of each
asset. Expected payoff growth or state trends do not play a role, returns are only driven by
discount rates.

Lemma 6 (Returns of payoff claims). Return dynamics of investing into a terminal payoff
claim driven by Q; with price Q(t, Xy, Qy;T) are

~ T
dA O0x
AQQ: =r,dt + (IOTQAjEZQ,t + p:;(A,tE;{,t~X—t)> (A¢dt +dZay) (14)

Q(t, Xt; T
For a payoff stream driven by Q; with price Y(t, Xy, Qy; T), return dynamics are

ftT IxQt, Xy;5) ds
ftT Q(t, Xy; 5) ds

dAy
1 =r;dt + (pTQA,tzTQ,t + p}(A,tE}(,t

) (Aydt +dZ4,) . (15)

and the compounded total return factor of the payoff stream claim for t € [ty,T) is

AT,t _ T(taXtaQtaT) 6ftt0 st' (16)
AT,tO T(t07 Xt07 Qto; T)

Proof. See [Section A7 s



2 Dynamic portfolio optimization

Suppose that an individual with initial wealth W; at time ¢ seeks to maximize expected CRRA
utility with relative risk aversion v > 0 until time 7" over Cobb-Douglas consumption
bundles . Utility derived from instantaneous consumption bundles is weighted by ¢; > 0,
and terminal consumption is weighted by €, > 0. Both types of consumption are discounted
with impatience rate &; = 0(¢, X;), which may depend on time and the state process X;. The
individual is endowed with an exogenous stream of labor income lasting until time T < T that
is captured through the payoff process ; with dynamics . Indirect utility is denoted by J;
and the problem faced by individuals is

‘](ta Wt7 Xt7 -Pta Qt)

T
=sup E, [61/ e~ I daday (y(wy, ¢y, Py, 0)) ds + ene” I %049y, (v (e, Wi, PT,Q))} (17)

m,c,w €A t

dA
S.t. th = (Qt]]‘tSTR — Ct) dt + Wt (T’t dt + 7T2— <Tt - Tt]. dt)) (18)

t

where the utility function

= ify Al
u(z) = " 19
(@) {log(x) ify=1 (19)

applies over Cobb-Douglas consumption bundles

np 0;
_ CLTo;
v(wy, ¢, Pry0) = (¢ — ctthl)1 o | | (%) where w1 < 1.
i=1 bt

At every instant, individuals choose their consumption budget ¢; > 0 and allocate budget frac-
tions w; > 0 to dynamically priced products. The vector of budget fractions w; is of size np
and it is restricted to the unit simplex w1 < 1. They take this decision while observing the
stochastic price vector P, > 0 of size np. The Cobb-Douglas aggregator captures complemen-
tarities between different products, like housing services or recreation, and features constant
returns to scale. Elasticity to dynamically priced products is given by vector 6 > 0 of size np
for intermediate consumption and 6 > 0 for terminal consumption. These vectors capture the
taste for each product and live in the unit simplex #71 < 1. The remainder of the consumption
budget that was not allocated to dynamically priced products, ¢; — ¢;wof1, is automatically
allocated to a cash indexed product at an unitary consumption price for which the individual
has a taste elasticity of 1 — 671.

Wealth dynamics reflect the stochastic nature of risky investments ([2)), the cost of consump-
tion and the inflow of labor income | Q;. The fraction of wealth to invest in each risky asset
Ay is given by decision variable 7; of size ny. All control variables my, ¢;, w; are subject to
some admissibility restriction .4, that includes square integrability of Wyn/¥ 4, and adapted-
ness of all controls to the filtration F;. When there is no labor income process, the portfolio is
self-financed.

The consumption price vector P, > 0 is assumed to follow a stochastic process where the
drift vector up; = pup(t, X;) and the diffusion matrix Xp; := X p(t, X;) may depend on state X

2The labor income process @, of this section has the same dynamics as the payoff process in , but allows
the shorthand notation ; = 0 to remove this component from the model.



and time. It is driven by standard Brownian motion vector Zp, with time and state dependent
correlation matrices ppas = ppa(t, X¢), pxpt = pxp(t, X1), prg+ = pro(t, Xi) to previously
defined Brownian motion vectors.

dPt

B =ppsdt +XpdZpy
t

Remark 1. Compared to Liu (2007), my model can incorporate human capital with stochastic
labor income Q; and consumption bundles with stochastic product prices P;. These components
have been used together in Kraft and Munk (2011), but my model allows for a shared state
process X; between income Q, product prices P, and risky asset returns A; that goes beyond
the risk free interest rate ry.

Assuming that admissibility does not place additional restrictions on consumption allo-
cation w;, the consumption allocation decision can be optimized separately. Utility is
monotonically increasing in the amount of consumption bundles, therefore individuals pre-
fer consumption allocations that maximize the amount of equivalent consumption bundles,
v(cy, Py, 0) = supg, v(wy, ¢, Py, 0).

np 0;
v(ey, P, 0) = S“%Ct _ thgl)l—ml H <%§t) such that @1 < 1 (20)
wt€R+ i=1 2

Lemma 7 (Explicit consumption bundle). The explicit solution to the consumption allocation

problem 18

v(cs, By, 0) :pci with Pe*,t — —(1-671)log(1-07T1)—07 log(6)+67 log () (21)
0.t

where the optimal budget fraction allocated to each product type i is
Wit =0,
and to cash indexed consumption is

1 —w/1=1-06T1.
Proof. See [Section A.§ O

As shown in [Lemma 7] optimal consumption budget allocation depends only on taste pa-
rameter € but this should not be confused with the amount of products consumed. For product
i, the number of units to consume ?;9 is inversely proportional to its price F;;. The stochastic
consumption prices vector P, of size np makes the composition of the chosen bundle dynamic
over time. In a dynamic setting consumption prices P, change with time, hence the lowest

attainable price of a consumption bundle Fj, also varies with time.

With the solution to the consumption allocation problem [Lemma 7], the lifetime decision
problem can then be reformulated only in terms of investment fraction m; and consumption
budget ¢; decision variables with the same portfolio dynamics as in (|18))

J(t7 Wt’ Xt7 B7 Qt)

T ) B T
—sup E, [51 / e~ I by (y(cey, Py, 0)) ds + ege™ I 2%y (0(Wy, Pr,6)) | . (22)
t

m,cEA



Before solving the lifecycle problem, let me introduce the mean-variance efficient portfolio,
which also maximizes expected logarithmic growth. It is optimal only in some of the simplest
settings, since it ignores many important problem variables. However it will help us to better
understand the solution to this lifecycle investment problem.

Remark 2 (Mean-variance efficient portfolio). Consider the self-financing A, portfolio with
dynamics

d/zit ~ dAt

— =1y dt + 7] (——rldt)

At t t At t

following the adapted investment strateqy m = (EA,tEkt)il (ar — 1), Assuming that this
strateqy 1s square integrable, it maximizes expected logarithmic growth and mean-variance re-
turns

- A 1
sup [E; [d 10g<At>} =supE, [Tt dt + 7} (% — 1l dt)} —5 A7 XA, T X A4

t
1
= (Tt ‘|‘ EAIPEI} tAt) dt

where the resulting expected return is reformulated using the no-arbitrage constraint .

Proposed solutions are based on the dynamic programming principle. When applying this
method, I implicitly assume that indirect utility is finite, once differentiable in time, twice
differentiable in remaining arguments and both increasing and concave in wealth. Uniqueness
of solutions is not addressed, and existence only is as much closed-form solutions from [Section 5|
can reach. Thus the solutions obtained through dynamic programming in this paper may be
regarded formally as candidate solutions.

Admissibility should also rule out the possibility of financing consumption through debt
bubbles resulting in unlimited expected utility, which can easily happen when the lack of
terminal utility eo = 0 dilutes the financial consequences of debt. These cases require of a
transversality restriction analogous to that of [Remark 6] which is studied at the end of this
section.

Proposition 1 (Dynamic portfolio optimization). The Hamilton-Jacobi-Bellman (HJB) equa-
tion associated to dynamic portfolio optimization problem (22)) is given in . Assume that
admaissibility restrictions other than adaptedness are not locally binding around optimal paths
and that indirect utility is increasing and concave in wealth, giving rise to interior solutions.
Optimal consumption and investment are given by

1 1—% 1
& =7 (Péjt) (OwJy) "7 (23)

((ZA,tZL,t)_l (MA,t - Ttl)
+ (SarSh,) T Saska Ek Ox log(dw )
+ (BasEn,) " Baspba, Sk, diag(P,)dp log(dw J;)
 (CaiThe) Dol Th @il 10g(Ow ) )

T = 24
¢ —W, (Ow log(Ow Jy)) (24)
where Ox log(Ow J;) = Owxh indirect utility J(t, Wy, Xy, Py, Q) is the solution to PDE (|A.15))

) ] Ow Ji ’
and P(;t s defined in .

10



Proof. See for the proof and the indirect utility PDE. O

The optimal investment fraction from |Proposition 1| has four distinct components:
speculative demand to the mean-variance efficient portfolio from on the first line,
hedging demand against changes in state X; on the second line, hedging demand against changes
in consumption prices FP; on the third line and hedging demand against changes in labor income
@; on the fourth line. Hedging demand terms start by projecting the state X;, price P, or
labor income @), risk factors against market assets A;, resembling slope coefficients from an
ordinary least squares (OLS). They hedge against state X;, price P, and labor income
changes in proportion to the elasticity with respect to the marginal utility of saving dy J;. In
the denominator, elasticity with respect to wealth captures the concavity of the problem. This
elasticity can be interpreted as the effective relative risk aversion with respect to indirect utility,
which coincides with 7 in the renowned Merton (1971) problem without human capital. The
investment policy 7; is expressed in relative terms as it is customary in this literature, however
note that the problem is technically not well defined if W; = 0 is possible. This undeterminacy
disappears when the investment problem is controlled in terms of nominal exposure W;m, and
the relative parametrization 7; is regarded as merely illustrative.

Optimal instantaneous consumption (23] . decreases in the marginal utility of saving Oy J;.
The direct effect of price P} on the consumption budget is positive for v > 1 and negative for
v < 1, however the net effect is unclear at this stage since marginal utility of saving Oy J; is
also affected by prices and can cancel out.

Proposition 2 (Solution to portfolio optimization). Indirect utility from|Proposition 1| can be

decomposed as

(Wi + Y(t, X0, Q1))
|

where f(t, Xy, P;) is the solution to PDE ({A.19) and human capital Y (t, Xy, Q;) coincides with

making the optimal policy equal to

i 7% Wt + T(t7 Xt7 Qt)
_ Pr 26
i =<1 (F) f(t, X, ) 20)
1 (pag — ) We + 71,

Y Wi
+ (EA,tE,Tax,t)_l YAt (p}(A,tE}(,taX log(f:) + IOTPA,tzTP,t diag(F;)0p 10g(ft))

p}(A,tE}(,taXTt + pg;)A,tng,tTt
W, ’

J(t, W, Xy, P, Q1) = f(t, X, P)Y (25)

Ty = (EA,tZ,TLLt)i

Wi+ 7T,
Wi

— (SaeDh,) " Ta (27)

For this decomposition to hold, either there is no labor income Q; = 0 making Y(t, X;,Q;) =0
or markets have to be complete enough to make Y(t, Xy, Q) replicable.

The solution to f(t, X;, P;) corresponds to

1—-1

1 1 1 T ~
£t X0, P) =7 (P5,)" 7 h(t, X T,0) + &7 (P@) ’ / h(t, X,;8,0) ds (28)
t

when either there is no intermediate consumption e; =0, v — 1, markets are complete enough
to make f(t, Xy, P;) replicable or 6 = 0 with markets complete enough to make (Ox f;)"¥x:dZx 4
replicable. h(t, Xy; T, 0) refers to the solution of PDE ({A.21]).
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Proof. See u

Regarding technical aspects, PDE (A.21]) for h(¢, X;; T, 0) is an instance of the semi-linear

PDE for g(t, X;) described in and studied in [Section 5| The explicit relationship
between them and some additional remarks can be found at the end of

Optimal consumption in [Proposition 2| is in line with the permanent income hypoth-

esis. Consumption is proportional to total wealth W; 4+ T, and inversely proportional to the
subjective consumption bundle annuity portfolio f(¢, X;, ;). Total wealth includes a human
capital component Y(¢, X;, Qy; Tg) that capitalizes the labor income stream ;.

The optimal investment fraction has a speculative component on the first line that is
directly proportional to the mean-variance efficient portfolio and inversely proportional to risk
aversion. Projections of subjective annuity portfolio f; sensitivities against state X; and prices
P, on the second line constitute hedging demand. Even though this investment policy hedges
consumption prices P, the policy itself does not depend on price levels when 6 = 6 as can be
verified by substituting . Projections of human capital T, sensitivities against state X, and
prices P, on the third line are offsets compensating the builtin exposure originating from T,
hence the negative sign.

Taking derivatives on both sides of with respect to total wealth and rearranging terms,
ow J; = 0Uu(vt)|vt:wt+n = £10. u(v(cy, P, 0))|
t

We+Ty

5 € L Pé‘ t "
ST (X s 0)ds+(22) 7 | h(t,X4:T,0)
0.t

Ct=

=2

one can see f(t, X, P;) as the value of a subjective consumption bundle annuity portfolio.
This annuity portfolio is risky and takes into account risk preferences, impatience, elasticity to
different products, price levels, market price of risks and parameters governing those dynamics.
When markets are complete, h(t, X;; T, 60) is the price multiplier for the payoff described in

Remark 3|

Remark 3. When markets are complete enough to replicate f(t,X;, P;) and h(t, Xy T,0),

the solution h(t, X;;T,0) to PDE (A.21) in [Proposition 2 coincides with the price multiplier
for the claim to payoff Qr

Q(t, X; T) in
- 1-1
A~ N _ T AT PQ*T v
QT :Q e ft (SsdsT ; .
' Ay By,

Proof. See o

Remark 4 (Annuities and consumption under optimal policy). In|Proposition 1|, wealth under
the optimal policy evolves such that the number of subjective annuities att € [to,T) corresponds
to

2=

- % ft d§51*7 ot del—
Wi+ T Wi+ 7y (effo Msﬁ) exp| Zo G o o (29)

It o A, 11—

0

making the bundle consumption rate vi = v(c}, P, 0) equal to

N t ali t agi—
;)( 5 Ss _ s
. « -t 6sdsP9,to Ay Lo (i to ¢
v, =V e “to —_— ex
t to P* A p 1_
6,t “*to v
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where and A, is the mean-variance efficient portfolio f'mm the exponential term on

the right tends to 5: %—to as v — 1 and the process pair (;,C; captures the degree of market
incompleteness for f(t X, P)
ag . o
g— —(aX log(ft)) EX,t dZX,t + (ap log(ft)) dlag(Pt)EP7t dZP,t
t
dgt _ T T 45
? = ((Ox log(ft))"Ex tpx s + (Oplog(f))T diag(P:)Xpippat) PEJT“ dZ 4. (30)
t
Proof. See [ection A.13} u

The bundle consumption rate formula in shows explicitly how it decreases with
impatience, decreases with prices and increases with cumulative returns of the mean-variance
efficient portfolio in a proportion inverse to risk aversion 7, up to a process pair capturing
market incompleteness. The number of lifetime annuities , that is the ratio of total wealth
to the annuity portfolio value, decreases over time with the impatience rate and increases with
the cumulative returns of the mean-variance efficient portfolio in a proportion inverse to risk
aversion 7, up to the market incompleteness process pair. In case of extreme risk aversion and
complete markets, the bundle consumption rate and the number of lifetime annuities become

constant (Remark 5).

Remark 5 (Extreme risk aversion). Extreme risk aversion v — oo when markets are complete
enough to make f(t, Xy, P,) replicable makes the bundle consumption rate v(c}, P, 0) and the

number of lifetime annuities in |Remark 4| constant

Wy +Y(t, Xy, Qi; Tr) _ Wi, + Y (to, Xy, Qto; Tr)
f(t?Xt7Pt) f(t[hXto)Pto)

v(ct, Py, 0) =

Similar to Merton (1971)), the lifecycle objective with a random terminal time is under
certain conditions equivalent to an infinite horizon objective with an increased impatience rate

as explained in [Remark 6

Remark 6 (Random terminal time). Suppose that there is only intermediate consumption
g1 = 1,69 = 0 and that instead of terminal time T there is a random stopping time T given by
the first arrival of a Poisson process with state dependent hazard rate Apy == Ap(t, X;). Assume
that each possible hazard rate path Ar i o) satisfies

Ars >0 Vs>t and / Ar,sds = oo. (31)
t

and also that the intermediate utility integral below converges to a finite value for the optimal
policy under each possible hazard rate path Ap [

/ E [e’ I aday, (v ¢y, P, 0))|F, AT,[t,OO]] ds. (32)
t

Then the expectation over discounted intermediate utility for the optimal policy conditional on
the individual having survived up to time t is equivalent to

E, [/ iy 5qdqu(v(cS,PS,§))d8] =E, [/ e*ff(/\T,qu)dqu(v(cs’psjé)) ds

t t

13



Proof. See u

The most important condition for is . It can be related to the dilution of
financial consequences upon sudden termination or in infinite horizon settings, because they
could induce some pathological behavior and make the problem not well defined. For the stated
equivalence to hold, expected discounted utility in should remain finite for the optimal
policy subject to admissibility constraints under each possible hazard rate path. This condition
is still compatible with lax admissibility constraints that allow individuals to leave a negative
wealth balance with positive probability upon death, but the equivalence holds only when
individuals cannot exploit this peculiarity to obtain unlimited expected utility.

When considering a random terminal stopping time 7 with labor income ); # 0, wealth
dynamics should condition receiving the labor income stream ); on not having reached
retirement Tk and not having reached terminal time 7, replacing the previous labor income
term with Q;1;<(7,1r). This means that [Proposition 1| and [Proposition 2| do not apply to the

problem transformed in when Q; # 0.

3 Welfare changes

To measure welfare changes in this framework, I propose to use an equivalent initial wealth
(EW) concept in line with Kraft and Munk (2011)) instead of certainty equivalent terms. Using
certainty equivalents is customary in the financial literature but it poses some problems in this
specific setting. Asking for a certain amount of money as compensation to remove investment
risk leaves unaddressed the issue of consumption price risk and the utility derived from con-
sumption. Consumption prices can change from the beginning to the end of the investment
horizon. If markets are incomplete and prices cannot be completely hedged, terminal consump-
tion derived from a certain compensation amount is uncertain making certainty equivalents
undefined. The equivalent initial wealth concept imposes weaker restrictions and asks for the
certain compensation amount needed to replace one investment strategy with another while
providing an equivalent level of expected utility.

Definition 2 (Equivalent initial wealth). The equivalent initial wealth EW is the minimum
amount of initial wealth W at time t needed to compensate the substitution of the lottery asso-
ciated to investment strateqy m over initial wealth W by the forced choice of investment strategy
7 for an indiwvidual with expected utility given by U(t, Wy; ) given some adapted vector process
H;.

EW(t, Wy, Hy; m, ) = min 1474
W

s.t. U(t,W,Hy;7) > U(t, W, Hi; ). (33)

Lemma 8 (Equivalent initial wealth). Suppose that the expected utility U(t, Wy, Hy; ) s, for
any m, continuous and strictly monotonically increasing in initial wealth Wy, and the range of
the function does not depend on w. Then the equivalent initial wealth in the sense of|Definition

corresponds to

EW(t, Wta Ht7 , ﬁ-) = (U(tv K Htu ﬁ—))_l (U(ta Wt7 Ht? ﬂ-)) : (34)
Proof. See 0
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Lemma 9 (Expected utility without consumption or human capital). Suppose that H, =
(X[, P17 and that an individual applies investment strategy 7, which is not necessarily op-
timal and depends only on time and state X;. Assuming that there is no labor income @y = 0
or consumption €1 = 0,69 = 1, expected utility is

1=y

W,
U(t7 thXt7Pt;7T) = 1 : ’Yf(t’ Athapt;ﬂ_)7

where
f(t7 Xta Pt; 7T) = (P(;:t) 17% h’<t7 Xta Ta 07 7T)

and h(t, Xy; T,0,m) solves PDE (A.34)).

Proof. See [Section AT7 s

PDE for h(t, Xy; T,0,7) is an instance of the semi-linear PDE for ¢(¢, X;) described
in |Definition 3| and studied in [Section 5 The explicit relationship between them and some
additional remarks can be found at the end of [Section A.17] Substituting 7} from into
PDE coincides with PDE for h(t, X; T,0) fromafter applying previously

invoked assumptions. When evaluating time-dependent investment strategies m and under
appropriate conditions, on forthcoming will be useful to isolate and solve
time dependent terms separately on this PDE.

Corollary 1 (Equivalent initial wealth with incomplete dynamic markets). Assuming that
there is no labor income QQ; = 0 or consumption €1 = 0,69 = 1, the equivalent initial wealth
EW is

h(ta Xt; T7 97 ﬂ-))lv’y

EW(t Xym,m =
W( aVVta t77T)7T) Wt (h(t,Xt;T,e,ﬂ')

Proof. Straightforward application of to expected utility from [Lemma 9| ]

Measuring welfare changes in terms of equivalent wealth growth rates as proposed below
facilitates comparability. It captures how the compensation multiplier grows with the time
horizon. This unit has the same interpretation for any time horizon and is comparable across
different wealth levels.

EW(ta Wta Xta T, 7_7-)
Wi

1
Equivalent wealth growth = T4 1og<

Assuming that human capital markets are complete enough, this welfare measure generalizes
to total wealth W, = W; + T, when investment strategies m and 7 operate over total wealth or
are appropriately converted to do so.

4 Stationarity

In this section I argue that lifecycle paths of specific individuals or heterogeneous populations
are comparable across different generations under certain stationary conditions. Individuals,
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like their ancestors, enter the workforce with little financial wealth in comparison to salary and
consumption price levels. They work until retirement receiving some exogenous income and
accumulate enough savings to maintain their consumption capacity during retirement. During
their lifetime, they also take advantage of investment opportunities.

To make this comparison possible, I argue in favor of normalizing the consumption bun-
dle by the purchasing power of the reference or “typical” income at each point in time. By
construction, this normalization should not meaningfully affect consumption price categories
that increase proportionally to salaries, including labor intensive services and scarce goods with
prices determined by aggregate purchasing power when this is related to reference income lev-
els. Housing, education and health care are good examples and they constitute large shares of
household consumption budgets. For remaining consumption categories, this argument implies
that people derive utility in comparison to the quantity that the reference income can afford.
Some reasons to “keep up with the Joneses” may originate from a desire to socialize on equal
terms, or from a desire to provide for their families and children according to society norms. In
this setting individuals feel entitled to contemporaneous productivity enhancements and suffer
disutility if they are left behind in terms of technological progress.

Suppose that there is a common factor Y; shared among optimal consumption bundle prices,
the labor income process, and initial wealth

v Vpxt
Py, =Yt Pr =Y Qi = Yierat W, =Y, "

where log wedges vps; = VQ(Xt),I/pé*,t = vpr (X¢) may only depend on state X, vg; =
vo(t — to, X;) may only depend on age t — ¢, and state X; and vy, = vw, (Xi,) may only
depend on initial state X;,. The strictly positive reference scalar process Y; can be interpreted
as the average income process in a certain region and serves as cointegration factor for life-
cycle processes. It is modelled to have state dependent drift py: = uy(X;) and diffusion
matrix Yy, = Xy (X;) driven by a standard Brownian motion vector Zy,; with instantaneous

correlations pya; = pya(X:) and pxy: = pxy(X:) to previously defined Brownian motion
vectors
dY,
Tt =My dt + Zyﬂg dZyﬂg .
t

Further assume that 7, = r(Xy), px: = pux(Xe), Ext = Xx(X), par = pa(Xy), Xar = Xa(Xy)
and pxa: = pxa(X;) are purely dependent on state X; while d; = d(t —t¢, X;) may only depend
on age t — ty and state X;. Then under the following reparametrization

Ct ~ Wt
—_ — W —_ —
Y, Y
the portfolio optimization problem becomes

J(t — to, Wy, X,)

Ct 7 = (T —to) — (t — to) Trt = (Tr — to) — (t — to),

TT,t
' —[® ~ —VUpX t4s _ (7Tt T —v -
= sup E, {51 / e Jo oradty (G, e T Y ds 4 ege o Oty (WL e R T’t)}
m,é€A 0

s.t. th = (e”Q’t17R7t20 — ét) dt

~ dY; dA
+ W ((rt + Dy Xy,) dt — 7: + 7 (T: — (1l 4+ Sy 4, 2Y,) dt))

(35)

where admissibility A is assumed to have an equivalent formulation A in terms of Wy, &, X,
m; and t — ty without needing direct references to W, ¢; or t.
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Theorem 1 (Stationary lifecycle paths). Assuming that state, asset return increment and
reference process increment paths are stationary, i.e. the unconditional distribution over any
interval [t1,t,] is invariant for any time shift h

d
{ X021 AZ a1 400> Dy 11101}~ A X vt hitnh)s D240+ ht-+h)s DDy [ty +htnrh] } (36)

then the paths of lifecycle processes below associated to problem are also stationary

Q: i T,
J ) 7. 37
ta}/;a}/t71/; ( )

*

~ ~ C

* * ok t
Wt,’ﬂ't,Wtﬂ't,Ct, _P* s
6.t

This holds also under relaxed assumptions allowing parameters Tr,, Triy, 7V, 0, 0, e1, &5 to
depend on Xy, or when modelling 71, Try as random stopping times given by the first arrival
since to of their respective Poisson process with non-negative hazard rate process Ay == Ap(t —
to, X¢) for 7ry and Apy = Ag(t — to, Xt) for Try dependent on age t — ty and state X.

Proof. Sce [Section A1 s

For these investors the reference process Y; and cointegrated processes @y, Py, Pé* . become
natural numéraires. Lifecycle paths can be conviently compared when expressing wealth in years
of reference income saved W; and consumption rates in proportion to the reference income ¢;.

Lifecycle paths even become deterministic under [Corollary 2| when risk aversion is extreme,
product elasticities of intermediate and terminal consumption coincide § = 6, markets are
complete and there is no state process X;.

Corollary 2 (Deterministic lifecycle processes under extreme risk aversion). Assuming there is

. Py 5 ., .,
no state process Xy, ratios %, % become constant and additionally, under|Remark 5 conditions

of the extreme risk aversion and complete markets plus the condition 6= 0, problem yields
deterministic processes

with constant ¢, L and constant investment fraction w; hedging completely against Y,
t

Pr
0,

= (SaZ}) " Tap} a2

Proof. See Bection ATH s

5 Solving semi-linear PDEs

As seen in previous sections, the dynamics of this model depend on a particular type of semi-
linear PDEs defined in [Definition 3] The methodology used to reduce this type of semi-linear
PDEs into a system of Riccati ODEs and to solve them is based on Kim and Omberg (1996]),
Wachter (2002) and Liu (2007)) with some additional extensions. Solving these PDEs is based
on repeated separation of the main semi-linear PDE into two semi-linear PDEs of the same
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type with reduced state spaces . If the PDE admits a log-quadratic representation,
it can be reduced to a system of coupled Riccati ordinary differential equations (ODEs) as
explained in with closed form solutions detailed in [Section A.22, When imposing
quadratic and affine structures, the Riccati ODEs include as special cases those of zero-coupon
bond prices with quadratic term structures from Ahn et al. (2002). Existence of solutions is
proven only as far as those closed form solutions can reach, while uniqueness is not addressed.
In general a solution may not exist, or exist only under some conditions, like a time horizon
smaller than some threshold. That said, these kind of PDEs are well known in the finance
literature.

Definition 3 (Semi-linear PDE). The partial differential equation (PDE) for g(t, X;) with
boundary condition g(T, X;) and dynamic coefficients R, .= R(t, X;) as a scalar, By = B(t, X;)
of size nx, C; = C(t, X;) symmetric of size nx X nx and Dy = D(t, X;) symmelric of size
Nnxy X Ny

o T(C,— D)0 1
(Oxg:)" (Cy 1) Ox e +§tr (DiOxx79t) - (38)

1
0=09; + g Ry + (0x9:)" B, + 3 (6. X))

My main contribution compared to Liu (2007) is to separate these semi-linear PDEs allowing
for the off-diagonal terms in C}, D; and asymmetries explained in[Lemma 10| which also expands
the range of analytic solutions to the Riccati ODEs in [Lemma 11} These enhancements allow
under certain conditions to solve the pricing PDE for Q(t, X; T) (Lemma 3), the stochastic
control PDE (A.21)) for h(t, Xy;T,0) (Proposition 2) and the expected utility PDE (A.34))
for h(t, Xy;T,0,7) (Lemma 9) in a setting where state components are related to each other
and have non-diagonal covariance matrices. Note that parameters C;, D; comprise the state
covariance matrix Yx, XY, and its market projection Yx:pxa4Ps1 Pk a2k, in PDE
for h(t, Xy;T,0). Also allows to isolate time dependents easily, which is very useful
to evaluate time dependent investment strategies in PDE for h(t, X;; T,0,7) .

Lemma 10 (Semi-linear PDE separation). Suppose that in PDE described in
there are two state subsets X, = (X{,, Xg,)7 such that the boundary condition admits the

following split product structure g(T', X;) = g1(T, X1.4)92(T, X2+) and that dynamic coefficients
can be decomposed as follows

B ) (Cu Cy ) <D1t D,; )
Ri=Ri,+ Ry, B, — t, c, = (4 o) D= (7 ’,
! bt >t ! (BZ,t + By ! CT, Cor+Chy ! D], Dyy+ D1y

(39)

~

where D,y = D,(t,X;) is unrestricted but R;; = R;(t,X;:), Bix = Bi(t,Xit), Bix =

Bi(t7Xi,t); Cir = Ci(t, Xis), éi,t = éi<t7Xi,t); éi,t = Ci(t, Xis), Dix = D;(t,X;s) and

~

Ez’,t = D;(t, X;1) for i € {1,2} may depend only on their state indicator X;; or time. When
satisfying

1. Conditional log-linearity. Either Ox, log gs, does not depend on Xs; or Bl,t, él,t, él,t are
zero.

2. Conditional log-quadraticity. Either Ox,xylog gar does not depend on Xo or lA)Lt 18 zero.

then the solution to PDE (38) can be decomposed into

g(t,X) :gl(thl,t)g2<tﬂX2,t) (40)

18



where ga(t, Xo4) solves the next PDE with boundary condition go(T, Xa4)

1(0x,92.4)T(Coy — Day)0x, 1

0 =092+ + 92,4 Ro ¢ + (0x,92,¢) " Bay + —( x292.4)'(Cl 2)Oxa g + - tr (DQ,taXQXQTQQ,t>
2 9a(t, Xz,t) 2

(41)

and g1(t, X1+) solves this other PDE with boundary condition g,(T, X1 ;)

o 1 ~
0 =091+ g1t (Rl,t + (0x, 108 g2.4) " By 4+ + 5(8)(2 log g2.4)7C'1 :0x, log ga 4

1 N
+§ tr <D1,t5X2X2T log 92,t>>

~ 1 (0x, T(Chy — D14)0x, 1
+ (9x,91,0)" <Bl,t + C1,40x, log 92,t> + 5( x, 910 ;1(1157?X17t)17t) X + B tr (Dl,taXleTgl,t> :
(42)

Note that PDEs are in turn semi-linear PDFEs of the same type as described in
Definition 5 and the separation procedure may be applied repeatedly as long as the aforemen-
tioned conditions hold.

Proof. See Section AT§, s

Corollary 3 (Time separation). Invoking with an empty state partition X;; reduces
to an ODE for g,(t) with solution

T
~ 1 ~
[ (t) =01 (T) exp (/ (Rl,s + (3)(2 log 92,s)TBl,s + 5(3)@ log 92,5)T01,53X2 log 92,5
t

1 ~
+§ tr <D1,38X2X2r log g2,s>> ds) )

Proof. See [
Lemma 11 (Semi-linear PDE to Riccati ODEs). The semi-linear PDE from can

be reduced to a system of Riccati ordinary differential equations (ODEs) under some restrictions

as detailed in and when these Riccati equations satisfy a diagonal strucutre, they
can be solved in closed form as detailed in [Section A.23

6 Applications

Below I give some examples of models with analytic PDE solutions. This paper retains full
compatibility with Liu (2007) quadratic and affine models, including closed form solutions cover
the case of stochastic price of risk and the stochastic volatility model with a market price of
risk proportional to volatility. These models yield quadratic building blocks for h(t, Xy; T, 6)

described in in relation to [Proposition 2
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Housing and income cointegration In Garcia (2026)) I model how lifecycle investing is
affected by cointegration between housing rent and income processes. The state process X,
has Ornstein-Uhlenbeck dynamics and comprises a mean reverting housing cycle component
embedded in rent prices P, income (); and housing prices Yy,

pxt =ax — Bx © Xy
Assuming that other parameters are constant, the following building blocks are linear in X;
pxe =ox — fx © Xy

ppy =ap + BpX;
Ho =aq + Bo Xy,

and remaining building blocks are constant. All building blocks containing covariance and
correlation terms, e.g. Yx, X4 or pxa, can be have off-diagonal elements. House prices T g,
understood as the market value of future rents P, depend on the housing cycle X;, however the
return dynamics for investing in housing A; do not depend on state X; since Ornstein-Uhlenbeck
processes have constant volatility. This model would remain equally tractable if extended with
a stochastic short-term risk-free rate

Ty =0y + BrXt-

Stochastic market price of risk Similar to Kim and Omberg (1996)), Wachter (2002)) and
Liu (2007), there is a stochastic market price of risk vector

Ay =ap + Ba Xy
where state X; is an Ornstein-Uhlenbeck process with mean reverting dynamics
px =0x — BxX;.
Assuming that other parameters are constant, the following building blocks are linear in X;
Hxt =Qx — Bx Xy

SpppaPsi Ay =SpppaPsi (aa + BaXi)
ExpxaPsr A =ExpxaPyr, (an + BaXy),

this one is quadratic
AJPETAAt IOéI\PgTACYA -+ QQRPETAﬁAXt + XJB;\PETABAXM

and remaining building blocks are constant. Closed form solutions from become
applicable when ¥ x,px4,24,041,8x are diagonal.

Heston (1993) stochastic volatility An interesting example in Liu (2007)) features stochas-
tic volatility with market price of risk proportional to volatility. I extend this model to the
case where both asset returns and consumption prices share a common volatility component
with possibly different loadings. This could capture for instance a shared volatility component
in both housing rents and housing investment returns. However the case of Liu (2007)) with
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stochastic volatility only in asset returns is still solvable in closed form when returns are inde-
pendent from consumption price changes, or consumption prices are constant. The diffusion
matrix for risky investment returns and the market price of risk are

Y4 =diag (\/yt)
A =31 A,

The state X; process captures the variance of asset returns and it follows a mean reverting
Cox-Ingersoll-Ross process with

pxy =ax — fBx © Xy

Sy, =diag (LX © \/Xt) .

The Feller condition 2ax > L% guarantees that all components are strictly positive. Assuming
that ppa, pxa, pxp are constant diagonal matrices and that volatility of consumption prices
corresponds to

Sy =diag (Lp © v/X1) .

the following building blocks become linear in state X;

pxe =ax — Bx © X;
T (K2
AtPEL’tAt =(A7)TX;,
EpippatPsy Ay =diag (ppa) © Lp © A © X,
SpppadPst PhaiEhy =ppadiag (L © X;)
ZP,tEijt = dlag (L%g @ Xt)
Yxpxa Pyt Ay =diag (pxa) ©Lx ©A O X,
YxipxpiXp, =pxpdiag (Lx © Lp © X;)
ZX,thA,t,PZL’t/O}DA,tE},t =pxappadiag (Lx © Lp ©® X3)
SxpxaiPsn, Pxar ke =pxa diag (L © Xy)
Sx Bk, =diag (L © X)
and remaining building blocks are constant. Imposing a diagonal structure on a linear model
like this may seem overly restrictive since can deal with off-diagonal elements in
semi-linear PDEs (Definition 3|). The main reason is to prevent non-linear y/X; terms from

breaking the linearity of building blocks above, and it also allows to conveniently extend the
scalar Feller condition in this vectorized setting by keeping the variance processes isolated.

7 Conclusion

This lifecycle model solves the consumption and investment problems in a setting in which
stochastic investment returns, stochastic income and stochastic consumption prices share a
common state process. As in Liu (2007)), exact solutions are available when stochastic processes
follow certain quadratic cases.
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When investment instruments like stock shares, bonds or houses are understood as claims
to future payoffs or payoff streams, the asset prices can be decomposed into the current payoff
process value and a price multiplier. Under some state process stationarity conditions, financial
indicators based on price multipliers also become stationary.

The optimal lifecycle policy balances exposure to risky investment assets, consumption price
risk and income risk such that the resulting bundle consumption rate is exposed to the mean-
variance efficient portfolio and consumption price risk in inverse proportion to risk aversion.

Under some stationarity conditions, lifecycle paths of specific individuals or heterogeneous
populations become comparable across different generations. The reference income process
becomes a natural numeraire for individuals whose consumption is exposed mainly to labor
price risk or wanting to keep up with the Joneses. One may then prefer to measure savings as
years of average income saved and consumption rates in proportion to average income.

A Appendix

A.1 Notation

[0 ® 0 Hadamard product, element-wise matrix multiplication

I identity matrix of appropriate size according to context

0 vector of zeros of appropriate size according to context

1 vector of ones of appropriate size according to context

15 indicator function for predicate, applied elementwise if predicate is vector or matrix-valued
0

e, exp(0J) exponential function, applied element-wise to vectors

diag([d) creates a diagonal matrix if the argument is a vector, or extracts the diagonal vector
from a square matrix if the argument is a matrix

tr () matrix trace
(D)_1 matrix inverse or reciprocal when applied to scalars
f(z,-,2)"" (m) function inverse for argument at position - corresponding to output m

Onf(t, X;) partial derivative of function f with respect to specified arguments in order. Re-
peated arguments indicate higher order derivatives. It may also be used on expressions
that are treated as function compositions, e.g. dglog(f(t, Xy)).

dJ differential operator and it refers to the Ito differential when applied stochastic expressions

dA;

4 on a vector process Ay is shorthand notation for diag(A;)~! dA4;

Ay path of A, from time ¢ to time T

AApm path of increments Ay — A, for the interval s € [t,T]

040 expressions have the same distribution
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E.[0] expectation conditional on the filtration up to time ¢, i.e. E[O|F]

Function expressions may use semi-colon ; after function arguments to specify parameters,
like (¢, Xy, Qy; T) referring to PDE solution from [Lemma 3| They may also use the equal sign
= to assign expressions to parameters by name, like g (¢, Xy; B, =0, B, = 0,C, = 0O, D, = 0)
referring to PDE solution from [Definition 3|

Some proofs use tensor notation, which is briefly explained in [Section A.20]

A.2 Proof of span and replicability quadratic variation,

The “if” direction follows directly from applying [Definition 1] To prove the “only if” direction
for the first statement, suppose that ¢, is not completely spanned by asset risk factors Z4,

Vi (dZps — ppasdZay) # 0.

This process can be separated into its Z 4+ projection corresponding to the right hand side of
and its remainder component orthogonal below. Because of this orthogonality, the quadratic
variation of ¢; is the sum of the quadratic variation of its Z4, projection plus that of the
remainder

dleor, i) = Eso,tpr,tp;A,tz;,t dt + Xy (] - p@oAtpgToA,t) EsTo,t dt

-

vV Vv
Z A,t projection remainder

and the quadratic variance of the Z; projection can only equal d[¢:, ¢ when the remainder
quadratic variation is zero. The same arguments also prove the “only if” direction for the
second statement when considering the projection to Pyt dZa, instead of dZa,.

A.3 Proof of price for terminal payoff,

The price Q(t, Xt, Qy; T') of the claim to a payoff Q7 at terminal date T given the pricing kernel
K; with market price of risk A; corresponds to

Q(t7 Xt7 Qt7 T) :Et _QT

and by the law of iterated expectations we have the following recurrence relation for s € [t, T

(K, . [K K
Q(taXth;T) :Et -EES |:7fQT:|:| = Et |:EQ(87X87Q87T)1 :

For a small At, we have that

[ K
Qt, X3, Qp; T) =E, ;(;NQ@ + At Xiyae, Qt+At;T):| :

t

Subtracting (¢, Xy, Q¢; T) from both sides, dividing by At and taking limasjo we obtain

AT, A
At Tishigs N
e~ S st ds— Al dZa s _

0 =E, lAitrﬁ) A7 Q(t+ A, Xiyar, Quean T)

VE, | lim Qt + At, Xyyar, QueanT) — Q(t, Xy, Qy; T)}
AtL0 At
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where

AT, A
At t4+sMt+s At AT
e~ Jo s = ds— [T AL dZa t s _

E; lAltrE) A7 Qt + At, Xyyae, Qupan T)

= —TtQ(t7Xt> Qt;T) - (aXQt)TEX,thA,tAt - 8QQtQtEQ,thA,tAt

and

. Q(t+At,Xt+At,Qt+At;T) - Q(t7Xt7Qt7T)
E; | im
A0 At

1 1
= 0, + 00 Qugs + (Ox) T x, + §8QQQtQtEQ,tZTQ,tQt + B tr (8XXT QtEX,tZTX7t>
+ (aXQQt)TZX,tPXQ,tE&tQt-
Substituting the expectations and rearranging terms gives the following PDE
0=—Q(, Xe, Qu; T)re + (Ox Q)" (1xt — Exepxaehe) + (1o — Lgpgaihe) Qr0ofh

1 1
+ 02 + g br (Oxx1UExX% ) + §3QQQtQt2Q,t2£),tQt + (0xQ€2%) " Ex,1px i 25, Qr
(A1)

with boundary condition Q(T, Xy, Qy; T) = Q.

Finally, it’s straightforward to reformulate this PDE in terms of Q(¢, X;; T') = Q(t, X¢, Q; T)Q; "
using homogeneity when market parameters do not depend on Q)

0 =0, + (nqu — 1t — Zqupqashe) Qt, X T)

3 1 3
+ (0x )7 (MX,t + Xxy (pXQﬂfETQ,t - PXA,tAt)) + 5 tr <8XXTQtZX,tETX7t>

with boundary condition Q(T', X;; T) = 1.

The linear PDE for Q(t, X;; T) is a particular case of the semi-linear PDE from

parametrized as

g (ta Xta
Ry = pge — 1 — ZQ,thA,tAty
By = pux;+ Xx4 (pXQ,tEZQ,t — pxasli)
Ct - EX,tZ}(7t7

D, = ZX¢2}(¢) (A.2)
with boundary condition g(7, X;) = 1.

explains how to reduce the semi-linear PDE to a system of Riccati ODEs when
parameters satisfy a quadratic structure in state. In that case, Ry, B;, C;, D; can be constructed
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from the following building blocks

(#Q,t) = QO+ Q/Bp XP+ Xp nhp Qwhm 77mq X1

(re) QT+ By XV + Xy, " ™y X
(Bqpaihi) = soact  soaB, X'+ X, n," EQAwhm Ny X1
(pix)" xof = BN XP X P ot T, X
(ZX,tPXQ,tEZg,t)k :Eszak+2X2Q5kp XP+X, " ZXEQthm n", X?
(ZX,tPXA,tAt)k = EXAak+ EXAﬁkp XP+ Xp 77hp EXAwkhm 77mq X1

k m
(ZxZ% ) L= s@ i+ 0 B85 X0+ X, 0 o 08 0", X (A.3)

shows how to explicitly solve the diagonalized version of the aforementioned
Riccati ODEs for an ample range of cases.

A.4 Proof of replicating strategy for terminal payoff,

Consider the following portfolio value W; dynamics controlled by investment strategy
th :Wt (Tt dt + 7.‘.2' (('LLAJ — Tt]_) dt + ZA,t dZAJ)) (A4)
The projection of price €2, diffusion terms into tradeable assets is given by

p}(A,tzg(,tﬁXQt + ngA,tzzg,tQtaQQt
Wi

T = (S4,8%,) " Say

resulting in the following dynamics

dWy =Wyr, dt + (p}(A,tE}(,taXQt + Png,tzzg,tQtaQQt)T (E,Tél,t (EA,tEL,t)_I (fas —red)dt
"—PEI‘J dZA,t)

Assuming that this price is replicable (Definition 1|), we obtain from that

((OxU)TExpxar + 00uQiE0.poAL) PEIM dZay
== (aXQt)TEX’t dZX}t + (9QQtQtZQ¢ dZQ’t .

Substituting that equivalence and the no arbitrage constraint into portfolio dynamics yields

th :WtTt dt —|— (p}A’tE}’tath + péA,tEé’tQﬁQQt) T PETA,tAt dt
+ (Ox )" Ex 1 dZx 1 + 0000 dZg 4

Applying It6’s lemma to Q(t, X;, Qy; T') shows that

th :atQt dt + (ath)T (,uX,t dt + ZX,t dZX,t) + aQQtQt (,UQ,t dt + EQ,t dZQﬂg)

1 1
+ 3 tr (Oxxr QX x Xk ,) dt + iQfaQQQtEQ,tZEN dt + Qu(0xoU) Ex px 25, dt
(A.5)
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and using the diffusion terms in (A.5|) to replace the diffusion terms of the portfolio dynamics
yields

AW, =dQ, + Wyr, dt
= 08 dt — (x0T (pxa = TxepxarPuy M) At — 00 (o — SaupaarPuy Ar) dt
— %tr (OxxTUEx Xk ,) dt — %QfaQQQtEQ,tzzg?’t dt — Qi(Ox %) TS x tpx S0, dt -
Replacing 0,€); from PDE into portfolio dynamics yields
AW, =dQ, + Wir dt — Qurydt + (Ox ) ™ Sxepxar + 00U QiS0.pons) (7’% - 1) Adt.

Price €, is assumed to be both replicable and spanned by asset risk factors (Lemma 1)), so
combining and implies that

((OxU)TEx ipx A + 0QQ1EqQ PQA ) (7)2}” - [) =0
reducing portfolio dynamics to
th = th + WtTt dt — Qt’f‘t dt .

For a starting wealth of W, = ); we have that dW; = d€2;. By induction in following periods
s € (t,T] we have Wy = Qg and dW, = d€QQs, arriving at W = Qr = Qr.

A.5 Proof of price for payoff stream,

The price Y (¢, Xy, Qy; T') of the claim to a payoff stream @ from present time ¢ up to date T
given the pricing kernel K; with market price of risk A; corresponds to the price of a portfolio
composed by terminal payoff claims that provides an equivalent payoff stream. By
we have that

T T T
T(t, Xy, Q; T) =E, {/ %Qu du} = / Qt, Xy, Qp;u) du = Qt/ Q(t, Xy u) du.
(A.6)

By the law of iterated expectations we have the following recurrence relation for s € [¢, T

S K, K,
T<t7Xt7Qt;T) :Et _Qu du+ _T(SaXs:Qs;T) .
¢ K K

For a small At, we have that

A K Kyt
Qv du+ ——T(t + At, Xy nr, Qrean; T)

T(t, X 1) =E
(7 t7Qt7 ) t|:0 Kt Kt

Subtracting Y(¢, X;, Qy; T') from both sides, dividing by At and taking lima, o we obtain

Kt+At
. S B, du (T - 1)
0= 1Altrﬂ) E, | 22 KAt + E; A7 T(t+ At, Xypiar, QueanT)
Y(t + At, Xepar, Qupans T) — T(t, Xy, Qi T)
+ Et At
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yielding this PDE
0=0;; + Qr — Tere + (OxYo)T (1uxs — Lxapxashs) + 00 YT:Qs (gs — Lo.ipoarih)
+ %tr (OxxTiXx42%,) + %QfaQQmQ,tzg,t + Qu(OxT ) Expxilh,  (AT)
with boundary condition Y(7', Xy, Qy; T) = 0.

Using the Ansatz

T
T<t7Xt7Qt;T) :/ Q<t7Xt>Qt;$) dS
t
one can see that after substituting it into the PDE
Qt
—~
0 :Qt - Q(ta Xta Qta t)
T
+ / (atQt;s - Q(t7Xt7Qt;S)T
t
+ (aXQt;s)T (HX,t - EX,thA,tAt) + QtaQQt;s (NQ,t - EQ,t,OQA,tAt)
1 1
+ 5 tr (aXXT Qt;szX,tE}("t) + §8QQQt;thZQ,t2£g,tQt

+((9XQQt;s)TEX,tPXQ,tETQ,tQt) ds

J

~
0

and notice that the integrand corresponds to the zero condition of the PDE in (A.1]) for Q.

A.6 Proof of replicating strategy for payoff stream, |[Lemma 4

Consider the following portfolio value W; dynamics distributing payoff ); and controlled by
investment strategy m;

th = — Qt dt + Wt (Tt dt + 7TtT ((HA,t — T’t].) dt + EA,t dZA’t>) (AS)
The projection of price T; diffusion terms into tradeable assets is given by

p;(A,tE}(,taXTt + pTQA,tETQ7tQtaQTt
W, '

resulting in the following portfolio dynamics
th = — Qt dt + Wt?”t dt
+ ((OxYe)"Expxar + 00 LiQiX0 PoAL) (E,TM (EA,tZL,t)il (as —rl)dt + 732]“ dZA,t)

Ty = (EA,tZL,t)_l EA,t

Assuming that this price is replicable (Definition 1)), we obtain from (5] that
(OxYe)TEx:dZx s + 01 QX0 dZg s = ((0x )" Exipxar + 00T iQiX0.p0A L) ’PELJ dZay .
Substituting that equivalence and the no arbitrage constraint into portfolio dynamics yields

AW, = — Qi dt + Wiry dt + (0x Y1) " Expxat + 00 LiQiX01p0A ) Py Acdt
-+ (8th)TZX,t dZX,t + GQTtQtEQt dZQ’t
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Applying 1t6’s lemma to Y (¢, X, Q);) shows that
th :@Tt dt + (aXTt)T (/VLXJf dt + EX,t dZth) + 6QTtQt (:uQﬂf dt + EQ7t dZQ,t)
1 1
+ 5 tr (8XXTTt2X,tE}(7t) dt + §Q38QQTtEQ,tZ}N dt + Qt(ﬁxQTQTZX’thQ,tEZ?’t dt
(A.9)

and using the diffusion terms in (A.9)) to replace the diffusion terms of the portfolio dynamics
yields

th = th — Qt dt + VVtTt dt
— 0,/ Y, dt — (aXTt)T <MX,t - EX,thA,tPEL,tAt> dt — aQTtQt (,UQ,t - EQ,thA,tPZLiAt) dt
1 1
~3 tr (6XXTT,52X¢Z}“) dt — iQfaQQTtZQtE&t dt — Qi(Ox@ Y1) Ex,1pxQi X0, At
Replacing 0,T; from PDE (A.7)) into portfolio dynamics yields
th = th + Wt’f‘t dt — Tﬂ"t dt + ((aXTt)TZXJpXA,t + aQTtQtEQ’thAi) (PZIM — ]) At dt

Price Y, is assumed to be both replicable and spanned by asset risk factors (Lemma 1)), so
combining and implies that

((Ox Y Sxupxac+ 0T QiZqupoad) (Psy, — 1) =0
reducing portfolio dynamics to
th = th + WtT’t dt — Ttrt dt .

For a starting wealth of W; = T; we have that dIW; = dY;. By induction in following periods
s € (t,T] we have W, = T4 and dW, = dY, arriving at Wy = Y7 = 0 while distributing Q; at
every instant.

A.7 Proof of returns of payoff claims,

The dynamics of the terminal payoff claim investment Aq; can be derived from by ex-
panding definitions and applying [t0’s lemma
dAQ,t _dQ(tJ Xt7 Qta T)
AQ,t Q(t7Xt7Qt7T)
_d@, N dQ(t, Xy T) n (aXQt)TEX,thQ,tETQt it

Qe QX T) Q(t, X,;T)

D + (Ox Q)T (1xe + EX,tPXQ,tZEQ,t) + 5 tr (8XXTQt2X,t2},t>

= + - dt
Hat Ot X, T)

(0x2) TS,
+Yo:dZg + —F—>dZ
R T
At this point I replace 9,Q; with the value implicitly defined by the PDE and after some
simplifications we arrive at

dAq,

.
1 Yxp (pxahedt +dZxy).
Ot

=T dt + EQ,t (PQA,tAt dt + dZQ,t) -+



where A; is the market price of risk from . Further substituting dZg; by pga:dZ4, and
dZx; by pxadZay yields

dAq
1 Loy, dt + (pQA 2+ Px Sk
Ot

~ T
Ox Y

O ) (At dZay).
Q(t,Xt;T)> (A A1)

This substitution follows from the assumption that those risk factors are spanned by the market

in Lemma 3l

The dynamics of the payoff stream claim investment Ay ; can be derived from . Isolating
Axy

T(t, X, Qu;T)
Tt Av §

using [t0’s lemma

2 s . |
dt + —dY(£ X, Qs T)

2
(1 — fti yo ds) L= fto At

and, at a time point t € [tg,T) to avoid division by zero, we arrive at after dividing by
(A.10)

dA’I‘,t _ Q: At & dT(t;XtaQﬁT)

Ay, YT(t, X, QuT) T(t, Xe,Qu;T)

Expand dY (¢, Xy, Q;; T) using 1td’s lemma to obtain

dAT,t = - T(ta Xt: Qt7 T)

dAr, ) o . 40, dft St X5 ) ds . (LT aXQ(t,Xi; s) ds)T VX tPXQ1E0 1 »
Avy Tt X, Qi T) Q 1Ot Xy 5) ds L1t X5 5) ds
[T a0t Xy 5) ds
ftTQ(t, Xi;8)ds
. (LT OxQ(t, Xy 5) ds)T (1xt + Sx.px0e50,) N
j;T Q(t, Xy: 5) ds
% tr (ftT IxxQt, Xy s)ds EX,Q&-J
ftT Qt, Xy; s)ds
(ftT IxQ(t, Xy 8) ds)T Yxi
ftTQ(t,Xt; s)ds

dt + ,UJQJ dt

+ dt

(
(

+Xg:dZg s +

dZx+

At this point I replace 9,Q(t, X;; s) with the value implicitly defined by the PDE (§)) and after
some simplifications we arrive at

)+ <f S(t , Xt;8) d3>TEX,t
[, Q(t, X5 5)ds

dAy,
Avry

=T¢ dt + ZQ t (pQA tAt dt + dZQ t (PXA,tAt dt + dZX,t) .
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Further substituting dZ¢g; by pga:dZa, and dZx; by pxardZa; yields

ftT 8;(@(15, Xy;8)ds
ftTQ(t,Xt; s)ds

dAvy
Av, =rydt + (pTQA,tETQ,t + p;(A,tZ}(,t

T
) (At dt "‘ dZAJ/) .

This substitution follows from the assumption that those risk factors are spanned by the market
in [Lemma 3l

The explicit expression for the cumulative total return of payoff stream claim Ay ; can
be derived from (13). Applying Itd’s lemma and for a time point ¢ € [tg,T) to avoid division
by zero, we arrive at

Q:

dlog(Av,) :T(t X, 00 T)

Integrating the equation above with respect to time yields

AT,t _ T(taXtaQtaT) eftto st‘ (Al]_)
AT,to T(t07 Xto? Qto; T)

A.8 Proof of optimal consumption bundle,

The degenerate case in which the consumption budget is zero ¢; = 0 admits only one solution
allocating zero to every product ¢,w;; = 0 and making the maximum amount of consumption
bundles consumed zero. In this case the relative allocation decision w,; does not play any role
and can be chosen arbitrarily. The remainder of this proof considers the case of a positive
consumption budget ¢ > 0.

Another degenerate case is when 6; = 0Vi or 36; = 1 make the problem linear in one
product or cash-indexed consumption. All other alternatives drop out and the optimal policy
allocates the entire budget to the remaining product w;; = 1 or to cash-indexed consumption
1 — @1 = 1 respectively. The remainder of this proof considers the case of strictly concave
problems 6 € (0,1)"".

The objective function becomes zero whenever a product with non-zero elasticity is allocated
zero consumption, and this applies also to the cash indexed product. This is clearly suboptimal
since we can redistribute a fraction of the budget allocated to other products towards products
with zero allocations but non-zero elasticities and make the objective function strictly positive.
Consequently, we can restrict our attention to non-zero allocations for products that have
non-zero elasticities.

These observations make it possible to reformulate the consumption allocation problem (20))
in exponential-logarithm form

np
mee P <(1 —071)log(c; — ;@] 1) + Y _6; 10g<ctwl’t)> .
i=1

thRiP Pi,t

Second order conditions are satisfied since the objective function is a monotonic transfor-
mation over a strictly concave function. The Hessian matrix of the log-objective is negative
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definite since it is symmetric and second order (cross-)derivatives are negative. The first order
conditions for consumption allocation problem are

0 1—wf1
i T g

Aggregating w;; from the first order conditions we can find this recursive expression for w1

1—wf1

w1l =0"1—0=<—"—
! 1—6m1
and rearrange terms to arrive at this other explicit expression

w;1 =071.

Thus, the optimal allocations to dynamically priced products are given by

witzeia

)

the remainder allocation to cash consumption is
l—-w/1=1-6"1

and the objective function becomes

Ct
e—(1-071)log(1—0T1)—0T log(6)+6T log(P;) *

A.9 Proof of random terminal time,

Before addressing the main statement, let me elaborate some auxiliary statements. The prob-
ability of survival Sy, x,,,, from time ¢ until time m € (t,00) conditional on the hazard rate
path Az [, is

— [ A qd
Sm = € \[;ﬁ T,q q’

AT [t,m)

which may differ from the probability of survival S,,; conditional only on information available
at time ¢, since the termination hazard rate Ar; is adapted to the filtration

St = Ey [6_ I AT’qdq] .

Conditional on a hazard rate path Ap ., the probability density of terminating at time m
from a time t perspective is

O (1 = Sitirg ) = Arme It AT (A.12)
and using the asymptotic probability of termination is

1— S, = 1. (A.13)

AT [, 00]
Now consider again the the main statement. Reformulating

E, [/ e I %y (y(cy, Py, 0)) ds
t
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in terms of an outer expectation over state paths A7 ) and expanding the inner expectation
over possible termination points m as an integral using probability density (A.12]) produces

E, [/ AT me” I AT,qdq/ E [e’ JE 6qdqu(v(cs,Ps,é))|]—"t,)\T,[t7oo]} ds dm]
¢ ¢

Assuming that converges to a finite value for all possible hazard rate paths A7 o) and
using integration by parts together with (A.13)), the expression becomes

Et |:/ 67 j;gs )\T,qqu |:ef fts 6qdqu(ll]<c's’ PS7 é))|ft7 )\T,[t,oo]] d8:|
t
obtaining

E, {/ e~ S Oratdaday (y(c. P, 6)) ds} :

t

A.10 Proof of portfolio optimization, |[Proposition 1|

The goal is to maximize

T
J(t, Wy, Xy, Py, Q) = sup E, [51/ e Jo 6t+qdqu(v(cs,Ps,9)) ds + e9e” Jo 6t+qdqu(v(WT, Pr,0))
¢

m,cEA
ot dW; _ Qili<r, —
W Wi

C
t dt + Tt dt + 7T7;r ((#A,t — ’r‘t]_) dt ‘l— ZA,t dZAﬂg)

for an agent that receives a wage flow in terms of stochastic endowment prices Q).

Rewriting the objective function as a recursive function for a small At

J(ta Wt7 Xt7 -Pta Qt) =sup Et

m,cEA

ere= o raday (y(c, Py, 0)) At ]
A
e o t ét”dqj(t + At, Wipae, Xevat, Pryas, Qirat)

Then subtracting J from both sides, dividing by At and taking lima o yields

-1 1—
(7))
0 =supe;

1 — aWJtCt + GWJtWth(,uA,t — Tt]_)
m,cEA -7

1
+ §aWWJtWt27TtTEA,tE,Tq’t7Tt + (Owx Jt)TEX,thA,tZ,Tq’tWtWt

+ (Owpdi)T dia‘g(Pt)EP,tpPA,tE-I|—47t7TtWt
— 00 J (8, Wy, X¢, Py, Q) + OpJy + Ow Je (Wiry + Qilli<ry,)

(@) pce + 5 tr (Oxxr i Sx k)

+ (OpJy)T diag(Py) pups + %tr (appT J; diag(Pt)ERtZ}’t diag(Pt))

+ tr ((3XpT Jt)TEX,thp’tZ}’t diag(Pt))

+ 0 i Qipgu + %Qf O liXq X0, + OwqiQiXqpqa Xy W

+ Qi(0xQ 1) Xx 1px@i2h s + (Ogpdi)T diag(F) Epiprq.i X4 Rt (A.14)
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with boundary condition J(T, Wy, Xy, P, Q;) = &9 (pe*’t)"/_l wp

1=y

Assume that admissibility restrictions other than adaptedness are not locally binding around
optimal paths and that indirect utility is increasing and concave in wealth, giving rise to interior
solutions. Then the consumption and investment problems are separable. The consumption
problem below is concave due to the power utility term

1 1—v
() <)
Sup €1

c 1_7

— aWJtCt

with solution

1 1

q=i (7)) " own
and using P§*7 , from to reduce terms yields .
The investment problem is
sub Oy W (g = 101) + 59w JWETT S0 Sh i+ (Ourx J)TExcapxaShmalV
+ (Owpdy)T diag(Pt)ERtppA,tEL’tht -+ 8WQJtQtZQ7thA,tEL7t7rtWt
with solution

<(MA,t —r1)0w Jy + EA,t/)}(A,tZE(,taWX Jy

+ X auppa2p, diag(F)OwpJ; + EA,tPZgA,tEZQ,tQtawcth)
—Oww Wy .

T = (EA,tZ,TLLt) B

Second order conditions are satisfied given that > A,tE,Tax,t is positive definite and Oyw J; is
assumed to be negative, which ultimately follows from diminishing marginal utility of wealth in
the utility function. Reformulating partial derivatives produces . At W; = 0 the investment
problem above is not well defined, instead one should think about it as a prescription for a
control Wy, in terms of nominal wealth exposure, not relative.

<(,UA,t — 1 1)0w Jy + EA,tP}(A,tZ;(,taWX Ji
.t Xappa,Ep, diag(Pr)owp s + EA,thgA,tZ&tQtaWQJt)

—Oww J

(Wim)* = (Za2h,)
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Substituting the solutions in the PDE yields

1 -1 1
0=—" ¢ (Péft) (O )5

l—v
1

+ 3 ((MA,t —11)0w Jy

+ B a4 2k Owx Ji

+ ZA,t/)}DA,tEID,t diag(P;) 0w pJ:

-1
T EAﬂgET
+2A7tp22A,t222,tQtaWQJt> ( 9 A’t} ((MA,t —11)0w J;
—Oww Jt

+ ZaePx 4 Xk Owx i
+XappaSp, diag(P)OwpJ:

000 T Qo)

1
— 0, J(t, Wy, Xy, Py, Q) + OpJe + Ow Je (Wiry + Qilli<ry,) + (Ox i) Tix e + 5 tr (aXXT Jth,tE}Qt)

. 1 . .
+ (OpJy)T diag(P,) pupy + 5 tr (8}3]37 J; dlag(Pt)ZRtZ}’t dlag(Pt))
+ tr ((8XPT Jt)TZX,t,OXP,tEprt dlag(Pt))
1
+ 0 JiQipq + §3QQJtQt22Q,tEb¢ + (OxQ 1) " Ex tpx Q120 Q1
+ (anJt)T diag(Pt)Ep,tpr,tE&tQt <A15)

_ 1—v
y—1 W,
1—v °

with boundary condition J(T, Wy, Xy, P, Q) = €9 (PO*,t)

A.11 Proof of solution to portfolio optimization, |[Proposition 2|

Continuing from considering the ansatz

(W, + Yt X, Q)

J(ta Wt7Xt7PtaQt) = 1 _Py

f(tv Xta Pt)ﬂy
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then the PDE becomes

0=

Ji
7!

+

Wt—i—Tt

(@ft +ey <pat> 1-1

v 2 Y

— f, (ﬂ _ 1_77 (Tt + 1(““ — ) (EA:tEll,t)_l (pas — Tt1)>>

1—
+ (M}Qt + 77 (peay — 1) (EA,tZ,th) YA thAt ) Ox fi
> diag(P)0p f;

1—
+ (M}%t + 77 (Hag—md)T (ZA,tEL t) )y tpPAt

1 Ox fi)TEx, (PXA Py, Pxas— ) X% Ox fi

+(1- 7)5 7
(3Pft)T diag(F;)Xpy (PPA tpzT pPAt ]> ETP,t diag(F;)0p fi
He A
1) (Ox fi)TEx. (pXA,t,PELytp-IrDA,t - PXP,t) X5, diag(F)0p fi
fi
4510 O fExTk) + 5 1 (Oppe i ding(P) S S}, diag(P)

+ tr ((aXPTft)TEX,thP,tE}-{t diag(ﬂ)))

—7) (atTt Tiry + Qili<ry

(ke = (aaa = 1) (Sa8h,) ™ Baeka Sk, ) Ox T

+ 87 (Ox i) T Ex <f - PXA,th;,’tP}A,J X% Ox Ty

+ 747 (Op f)T diag(Py) Y py (p&p,t - pPA,tPEIMpE{A,t> Yk Ox Ty
+ 3t (Do TSk,

+ (0xQ Y1) Ex tpx Q120 Q1

+ (MQ,t — (pag — )7 (EA,tEl;,t)_l ZA,t/)ZgA,tZZg,t> Qi

L Ox FOTExe (Pxae = pxaiPsy Phas) ShiQid Ty

+ 7 (Opf)T diag(P)Spy <pPQ,t - PPA,thLJPZgA,J Y5 :Qi0 T
+ %aQQTtQtEQ,tETQ,tQt

1 1
+ Wt + thyé(aXTt)TzX,t (PXA,tPEIMp;(A,t - I) E}(,t(?XTt

1
+ —Wt T TtV(ath)TEX,t <pXA,t'PgL¢p22A’t — PXQ,t) ETQ,tQtaQTt

1
Wt T, 28QT 1@ Q. <pQAtPET pQAt ) Zé,tQtaQTt>
(A

16)
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The terms multiplying ;'y in the PDE above must add up to zero as well as the terms

multiplying ‘I];,(lﬁg These condition gives rise to PDEs for f(¢, X;, P;) and Y(¢, X}, Q). The

associated optimal controls are

1

1 1—-1

c; =¢{ <P5t> T X, P) T (W T (X Q) (A17)
=(2,.37 1 (IUA,t Tt t , ,
( At A,t) ~ W
W+ Y(t, Xq, Ox Y
- (EA’thTLXt) ZAthAtEXt f(t, Xy, P) ox f, t (t, X¢, Q1) _UXt
Wi W,
_ . _ W, + T t,X,
+ (EA,tE,Tax,t) IZA,tPIDAtE}t dlag(Pt)f(t,XhPt) L0p f, t ](/[/ ¢, Qt)
t
B (ZA,tETAt) EA thAt QtthQTt <A18)

Wi
which coincide with and when using P7, from to reduce terms and reformulating
partial derivatives to obtain .

Solution to f(¢, X;, P;). The terms multiplying %7 in (A.16) give rise to a PDE for f(t, Xy, P,)

0—<i (1) +auk

-1
(nag—re )T (4,57 ) (uA,t—m))

5t—(1—7)(rt~l—% | =
5

N}(,t + TV(NA,t - Ttl)T (EA,tELt) EAthAt Xt) Ox fi
[py + T’Y(MA,t — 7 1)T (EA,tZ,Tq,t) Y AtPpA tth) diag(P;)0p f;

1 (Ox fi)TEx 1 (pXA,tPELtp;(A,t —1 ) XX, Ox [t
5(1 —) F(t. X, B)
1 (Op fi)T diag(P;) X py (pPA,t,PEITMpTPA,t - [) ¥p, diag(P;)0p fi
5(1 —7) 7t X, P,)
Ox fo) s (pxaiPsy Phas — P ) Shy diag(P) O f;
=) ft, X, P)

tr (aXXT ftEX,tZ}(,t)

_|_

(
L1
2

% tr (apprt diag(Pt)Ep,tE}i diag(B))
+ tr ((Ox pr fo) TS x px P S, diag(P)) (A.19)

with boundary condition f(T, Xy, P;) = 52% (e(1=071) 1og(1=0T1)+6T log(6) 67 log(PT))%_l.

There are three explicit solutions depending on e; and the degree of market completeness.
If there is no intermediate consumption €; = 0, one can use the Ansatz

F(t, X0, P) =e5 (P5,) "7 h(t, X5 T, 0) (A.20)
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then

0 1 1 — )T (D, 3T -1 1
atht =hy -+ (— — 1) T+ = (’uA’t ¢ ) ( At A,t) (NA,t t )
v Y 2 v

1 -1
— o7 (#P,t + (; - 1) EP,tpPA,tZTA,t (EA,tE,TLLt) (pas — Ttl))

1/1
4 3 (; — 1) 0" p, <fy[ +(1— ’Y)PPA,t’PELth-IrDA,t) E},te

1 .
_|_§ tr (diag (6) EP,tZTP,t)> )

1 _
- (axht)T <,UX,t + (; - 1) EX,t (/)XA,tZL,t (EA,tE,T4¢) ' (,UA,t - 7”t1)

- <’YPXP,t +(1— ’Y)PXA,tPELYtP}DA,t) 2}%9))

T T T
b bl t
(Oxht)TE x4 (PXA tpz}“PXA, ]) Yk 10x Ty

1
— (1=
2( 20) i

1
3 tr (8XXT htEX,tE}(,t) (A.21)

with boundary condition h(T, X;;T,60) = 1.

The PDE for h(t, X;;T,0) is a particular case of the semi-linear PDE from

parametrized as
g (ta Xt7

-1
) 1— 1 )T (D, T 1
Rt: __t+ 7(7’}_‘_5(/[(/‘4’1& ¢ ) ( A’tﬁyAvt) <’uA7t t )

1 -1
— 07 (MP,t + (; - 1) EP,tpPA,tETA,t (EAJEL,t) (MA,t - Ttl))
1=, T T
5 0 p (I + (1 — ’Y)pPA,tPZLJpPA,t Xpl

1 :
+otr (diag (0) XpeS},) > :

1 _
B, = Ux + (; - 1) EX,t (,OXA,tZL,t (EA,tEL’t) ' (,UA,t - Ttl)

- <VPXP,t +(1— V)pXA,t,PEL’tIOTPA,t) 2}3,156) ;
Ci = Xxy (’YI +(1— V)PXA,tPEL,tP}(A,J Z}(,tv
Dy = Sxk, )
(A.22)

with boundary condition g(7, X;) = 1.
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The matrices Cy and D; are symmetric and at least positive semi-definite. In the case of
Cy, notice that when formulated in this way

Cr = Xxy (pXA,tPELJp}(A,t +7 (I - pXA,t,PZL’tpTXA,t)> Dy

we only need to show that [ —pxa:Psr, . Pk A 18 positive semi-definite. Since the each standard
Brownian motion vector Zx,; and Z,4, is composed of orthogonal components, auto-covariance
and auto-correlation coincide, e.g. pxx; = I, and Zx,; can be decomposed using its projection
to Z4, and a complementary orthogonal standard Brownian motion vector Z 4,

T _ T e
PXX,t =I = pXA,tIPEL’thA,t + pXA,t'OXA,t‘
Thus
T T
I' = pxaiPst ,Pxas = PXAtPx A,
is positive semi-definite.

explains how to reduce the semi-linear PDE to a system of Riccati ODEs when
parameters satisfy a quadratic structure in state. In that case, Ry, B;, C;, D; can be constructed
from the following building blocks

(00) = s+ By XP+ Xy, " 5wl "y X

(re) = POt By XV + X, m’ " ™y X
(MPer A) = 4o+ 45, X7+ X, 00 400, 0" X
(MP,t)k = PO‘k + Pﬁkp XP+ Xp nhp Pwkhm 77mq X1

k
(Zp’tpPAﬁtPZL,tAJ = 50"+ 505 X0+ X, 0l a0, 0", X

<2P,tpPA,tPZL,tpTPA,tZTP,t)kl = Ep&kz + Ekalp XP+ o X, n” zpaszhm n", X1
(EP,tZ}D,t)kl = zp@kz + zpﬁkzp XP X, n” zpwkzhm n", X?

(HX,t)k = x0* — Xﬂkp XP+ X, " xw™ n", X1
(EX,tPXA,t7Dzj“At)]~C = g0+ 585 X0+ Xl o W™, 0, X0

k
T _ k k D p k h m q
(EthpXPJZP,t) L =@t s, By XX, 0 s w0 T X
k

T T _ ~k 3k v p ~kh .m yvq
(EX,tPXA,tPZL,tPPA,tZPt = 5,81t sen, B XX, 0 s, @ 1y X

)
) = zxdkl+ ZXBklep+ Xpnh”zxﬁkzhmnquq

k m
(EXJ:E}Q) 1= zxakz + Exﬁklp XP+ Xp Uhp zxwkzhm ny X1
(A.23)

where
“1
AJPELYtAt :(,UA,t - Ttl)T (EA,tE,TLLt) (,UA,t - Ttl)
1
YpeppasPsr A =Ypippasihy (Bah,)  (pag—r:d)
1
EXJPXA,t,PEL’tAt =YX PX ALY (EAJZTA,t) (ay —rd)
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by the no arbitrage constraint .

shows how to explicitly solve the diagonalized version of the aforementioned
Riccati ODEs for an ample range of cases.

An explicit solution with intermediate consumption €; # 0 arises when assuming that either
v — 1 or that markets are complete enough to satisfy at all times

T T _ T
b b t
(Ox f)TEx s (PXAth;HPXA, I) Yy Ox fi

0=2(1-")
20 7 f(t, X, Py)
1 ' (Op fi)T diag(Pr) X py (;OPA,WXI1 PPAs— ]> Y, diag(F)0p fi
e ,
y =) f(t, X, Py)
(Ox [)T2x s <pXA,t7DET4 Pbas— pXP,t) Yp diag(P)0p fi
+(1—7) ’ (A.24)
f(ty Xta Pt)

By , the second clause requires f(t, X;, P;) to be replicable when « # 1. Now for this
case consider the following ansatz

2=

1 1. 1 1- T
(8. X0 P) =25 (P)' 7 hit, Xi T) + ¢ (Pe{t) / h(t, X,; ) ds (A.25)
t

we can replace them in PDE (A.19) to arrive at
1—1
0=¢] (P* ) ’
1
C—/A

T ~
- / < - atht;s
t

51& — (1 _ 7) (rt + %(NA7tTtl)T(ZAatZL,t)l(NAJ’l"t]_))

- R

+ hes
Y

h T 1—7 T T 7]
+hes  Hpy T(“A»t — 1) (EAvtEA,t) SauPpaspy |0 ; -1

- 1/1 2 _

. (_ - 1) tr (diag (9) £1,23,)

( ”A t—red)T (EA,tZ,TALt) 24 thA it Xt) aXht 8

1 2 j_ 1 i
+ (; - 1) (Oxhuss) TEx pxPa X, 0 — 5 tr <8XXTh“SEX’tZ}(7t>) ds)

[\ J/
-~

0
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—r )T (Z 427, -1 P
5t_( ’7) (Tt—Fl(uAt t)(Av’yA,t) (NAt t))

v

1— -1 !
+ hy (:uPt + T’y(ﬂAt =7 1)7 (EAvtEL,t) EAvtp}A,tZ},t) 0 (; N 1)

A 1 1 2 T T
_ ht§ i 1) 07%p,3p,0
~1/1 .
i <_ — 1) tr (diag () £psX},)
’y b}

— | Bxy + T’Y(MA,t - Ttl)T (EA,tZL,t) YA thAt Xt> aXht

1 1
+ <; — 1) (8xht) EtiXPtEPtQ tI‘ (E)XXThtEXtZXt>>

1

1 1-1
We can see that, on the one hand the terms multiplying e/ (Pé* t) " must be zero, and on the

1 1 ~
other hand the terms multiplying €, (Pat)l " must be zero, for the PDE to hold for any F;, 0
and 6. Thus, we can reformulate the former PDE into this one for ﬁ(t, Xy T)

1 1 — )T (D, 3T -1 1
et ()

g 2 g

- 1 -1
— 07 ([/JP,t + (; — 1) Ypipratily, (EA,tETA7t) (pas — Ttl))

1/1 ~ 7]
= (; - 1) 07 p 5L, 0 + - tr (dlag (9) Emﬂw)))
. 1 - )
— (Oxhe)T (Mx,t + (5 - 1) 2ix (PXA,tZL,t (CaaShe)" (e = 1e1) = 'OXP’tE}’tg))
1 ~
-3 tr (aXXT hth,tE;(,t>

with boundary condition h(s, X;;s) = 1 at any terminal date s € [t,T], and this other one for

0 1 1 )T (5, )7 S
e = (_t_ (__1) (Tt+—(uA’t )T (Zae Avt) (hae —red)

v Y 2 Y

1 _
— 07 (up,t + (; - 1) Speppasihy (SasXh,) ' (A — Ttl))
1/1 T 1 . T
#5 (2 =1) 015rh0 4 5o Gl 0) 5

~ 1 _
- (3xht)T (,UX,t + (; - 1) EX,t (,OXA,tELﬂg (ZA,tE,T47t) ! (,UA,t - T’tl) - ,OXP,tZTpﬂge))

1 .
— 5 tr (aXXT htEXiZ}(’t)
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with boundary condition iL(T, X;; T) = 1. Both of these PDEs are particular cases of h(t, Xy; T, 0)
from (|A.21)) inheriting its closed form solutions. They just use different parameter values and
are conditioned by the restrictions assumed at (A.24)).

_Another explicit solution with intermediate consumption g; # 0 arises when assuming that
0 = 0 and markets are complete enough to satisfy at all times

(aXft)TEX,t (pXA,tPZktp;(A,t - I) Z}(,taXft
f(tv Xty Pt)

0 :%(1 —9) (A.26)

By , the second clause requires (Ox f;)™2xdZx; be replicable when v # 1. Now for
this case consider the following ansatz

1 1. 1 T
f(t, Xt, Pt) = (Péit) v ( ;h(t Xt, T) + 8; / h(t, Xt, 8) dS) s <A27)
t
we can replace it in PDE (A.19) to arrive at

0 —51 (Pet)
C_Jl\“

T ~
- / < - atht‘;s
t

0 — (1 - 'Y) (Tt + %(“A’t_rtl)T(EAJZL,J_I(“A,F”U)

Y

+ ht;s

7
e (a2 )T (2T ) s, s Ve (L
+ ps | Upy T ~ (NA,t ri1) ( At A,t) AtPpAt&pi ~

1 2
- <— - 1) 0785, 5L, 0

— P <— — 1) tr dlag EP,tZID,t)
1 2
hts (; - 1) 0> pt (PPA tPs1, Phas — I) X0
1 2
- hts (; - 1) 07X py (PPA tPs1, ,Ppas — I) Yt
+(1 - ( ) (Oxhuss) T Sx4 (pXAtPET Phas— pXP,t) Ypb

(HXt"‘ ~ (NAt—Ttl) (EA,tEL,t) EAthAt Xt> aXhlts

1 ; 1 ;
+ (; — 1) (aXht;s>TZX,thP,tETP,t‘9 T 9 tr (aXXTht;sZX,tZ}(,t)> dS)

-

0
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1 1 .
— & (Pe*,t)l g <_atht

. 5t - (1 - ’7) <7"t + %(MA’t_rtl)T(zAvth,t)1(#A,t-rt1)>
+ hy

g
1 —

. -1 1
+ hy (NTP,t + T’y(ﬂA,t - Tt1>T (EAth,TALt) EAJP}DAJZ}J) 0 (; o 1)

101 N
~hiy (5= 1) oSk
- 1/1 .
- ht§ <— - 1) tr (dlag (0) EP,tz}%t)
,y b}
! 1 ? T T T
— ht§(1 —) S 1) 07%p, (pPAJ,PEL’tpPA,t - I> 2p,0

1 .
+ (=) (; - 1) (Oxhe)Tx s <,0XA,t7DZIMP}aA7t - pXP,t) Yp0

1— 1 .
- (H}(,t + TIY(NAJ/ — 7 1)7 (EA,tZ,Tél,t) EA,tpE(A,tETX,t> Ox Iy

v

1 1
We can see that terms multiplying € and e; must be zero, and both imply identical dynamics

for h(t, X;;s). Thus, we can reformulate the former PDE into a PDE for h(t, Xy; T)

s s [0 1 1 )T (D, T )7 1
Othy =hy - (— — 1) ry + = (MA’t t ) ( At A,t) (HA,t t )
Y Y 2 v

1 ; 1 ;
+ (— — 1) (aXht)TZX,thP,tETP,te D) tr (aXXThtEXiZ}(,t)>

1 -1
— 07 (MP,t + (; - 1) ZP,t,OPA,tzlu (EA,tE,TM) (,UA,t - Ttl))

1/1
+ 3 (; — 1) 0" p, <7I +(1— 7)pPA,tPE£7tp}—"A,t> E},te

1 .
+§ tr (dlag (0) ERtE}’t)) )
. 1 _
— (Oxhy)T <MX,t + (; — 1) Yxt (pXA,tZL,t (ZasX0,) ' (pay — 1)

- <7PXP¢, + (1 - V)PXA,tPEL,tP}A,J Z}%:ﬁ))
1 i T
— 5 tr (8XXThtEX7tEX,t)
with boundary condition h(s, X;; s) = 1 at any terminal date s € [t, T], which is just a particular

case of h(t, Xy;T,0) from (A.21)) inheriting its closed form solutions. The only differences is
that it is conditioned by the restrictions assumed at (|A.26]).

Solution to Y(¢, X;, Q). The terms multiplying ‘I];,(;:gt) in (A.16) have a trivial solution
when @, = 0 at all times, making Y (¢, Xy, Q;) = 0. Otherwise, they can give rise to a PDE for
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Y(t, X, Q;) under appropriate conditions.
To remove dependencies on W;, markets need to be complete enough to satisfy at all times
0 :%(ax'rt)sz,t (pXA,tPEL‘tp}A,t _ 1) ST, 0x T,
+ (OxT¢) S x4 (pXA,tPZkth)A,t - PXQ,t) Y6 Q0T+
+ %aQTtQtzQ,t (pQA,tPELYtng - [) ST, QT (A.28)
By [Lemma 2] this condition requires T; to be replicable.

To remove dependencies on P, markets need to be complete enough to satisfy at all times

0= (@;{JT Sy (I — pxaiPsy, p}A7t> ST, 0T
+ (apf{t)T diag(P;)Xp: <p§(P7t — pPA’tPEL,tp;(A,J ETX7taXTt
+ (a)l(f{t)TEXi <PXQ,t - pXA,tPEL,tpéAyt) 27, QoY
+ (an{t)T diag(FP;)Xp <pPQ,t - pPA’tPEL,szQA,J 25, Q00T (A.29)

Since T, is assumed to be replicable, it can be rewritten as the expression below and the
multiplication against the asset market residual makes it zero

O F)T
0=((0xYy) " Expxar+ (00T QiE0p0Ar) (I — 7321”> <( )}ft) VX tPX AL
) ]

(Opfo)T
fi

-~

0

+

.
diag(Pt)EP,tpPA,t>

Under these conditions the PDE for Y (¢, Xy, ;) simplifies to
0=0,Ty — YT(t, Xs,Q)re + Qely<ry,
+ (aXTt)T (MX,t - ZX,t/OXA,tETA,t (EA,tZ;r47t)_1 (MA,t - 7”t1)>
+ 911 Qs (MQ,t - ZQ,thA,tZTAt (EA,tZ,TL;,t)_l (pas — Tt1)>
1 1
—|— 5 tr (aXXT TtEX,tZ;(,t) + 5 tr (aQQT TtQtEQ’tE&tQt)
+ (8XQTt)TQtEX,thQ,tETQ7t (A.30)
with boundary condition (7', Xy, Q;) = 0.

The time derivative implied by this PDE has two stages, one for ¢ < T and another for
t > Tx. At time T the boundary condition Y (7', X;,Q,) = 0 implies that 9,Y;|,_ = 0.
By backwards induction we can see that this relation holds steady during the second stage
t € (Tg,T], making YT zero and in particular Y(Tg, Xr,,Qr,) = 0. Thus Y(¢, X;, Q) is the
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solution to the first stage PDE
0=0,T; — Y(t, Xy, Qe)rs + Qy
+ (OxTy)T (Mx,t — SxapxacShy (BaiZh,) " (as — Tt1)>
+ 014 Q; (MQ,t - EQJPQA,tETA,t (EA,tETA,t)il (pae— Tt1)>
+ %tr (OxxrT:iXx 2% ,) + %tr (9qar TiQ:X0 24, Q)
+ (0xQ V1) TQiXx tpx Q120 4
with boundary condition Y (Tg, X, @Q¢) = 0 and it stays at zero thereafter ¢ € (Tg, T.

By the no arbitrage constraint

((aXTt>TEX,thA,t + aQTtQtEQ,tPQA,t> EITLM (ZA,tEL,t)_I (,UA,t - Ttl)
= ((OxT)"Exapxar + 0gTiQiXqpqaq) Psy Ar.

Price T; is assumed to be both replicable and spanned by asset risk factors (Lemma 1)), so
combining and implies that

((OxYT) Extpxar + 00 TiQiX0.poAr) Pz;yt =(0x Y1) xpxar + 00 TiQiE01p0AL
making the PDE equal to
0=0,T; — Tyry + Qt + (Ox Y1) (txt — Lxepxate) + 00 YeQr (1o — Xo.tpga )

1 1
+ 5 tr (aXXT TtEX,tEE(,t) + 5 tr (8QQT TtQtEQ,tZTQiQt) -+ (8XQTt>TQtZX,thQ,t2gQ,t'

This solution coincides with the payoff stream Y(¢, Xy, Qy; Tr) in (A.7)) from and
inherits its closed form solutions. Note that the equivalence Q;00Y; = Y(t, X, Q¢; Tr) from

can be replaced into (A.18)), obtaining .

A.12 Proof of future consumption price in complete markets,
mark 3|

In [Proposition 2| when markets are complete enough to replicate f (¢, Xy, P;) and h(t, X;; T, 0),
terms (A.24]) dissappear

1 0 T opf)T ..
0 :ﬁft (( xJ1) XX Px AL T+ (Or 1) dlag(Pt)ZP,tpPA,t)

Ji ’ ’ Ji
(P, 1) (pXAtE}ta)}ft + ppAtELtdlag(Pt)a;ft)
and PDE for h(t, Xy;T,0) becomes
0 =0 + Iy (,@ — S0 5N, (Sarh) T (ay — m))
+ (Oxhe)T (MX,t + Xx¢ (pXA,tEE}’t — pxAEl (EA,tELJ)_l (Har — Tt1)>>
% (OxxrhiEx: X% ,)
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where

1 —1 1-—
EQt :;(NA,t - Ttl)T (EA,tZL’t) EA,t - TVGEP,tPPA,tPZkt
0. 1 1 -1
Hoe = — ;t + - ~ (Tt + §(MA,t — )7 (EA,tZ,Tcx,t) (1as — 7”t1)>
1 — 1

1
(QTuPt -5 tr (diag (6) Zp,tE}’t)) QEQ tZét

Using the no arbitrage constraint and idempotency of the projection matrix Pyr , the
PDE becomes

0 :ath/t + ht (/LQAJf — Ty — EQ,tAt>

1
+ (Oxhy)T (MX,t + Xx, (pXA,tETQt - pXA,t,PEIT“At)) + 3 tr (Oxxr htEX,tZ}(,t)

Applying 1t6’s lemma to h(t, Xy; T, 0) shows that
1
dht :8tht dt + (aXht>T (MX,t dt + EX,t dZX’t) + 5 tr (aXXThtEX’tETXi) dt

h(t, Xy; T, ) is assumed to be both replicable and spanned by asset risk factors (Lemma 1)), so
combining and implies that

(3)( ht)TZX,thA,t/PZkt = (5X ht)TZX,thA,t-

and replacing this term in the previous PDE yields
0 :atht + ht <NQ,t — Ty — EQJAt)

1
+ (8Xht)T (,MX,t + ZX,t (pXA,tZTQ’t - PXA,tAt>> + § tr (aXXT htEX,tzggt) .

That PDE is equivalent to Q(t, Xy; s) from PDE for a payoff process Q; with dynamics

e
% = dt + EQ,t dZa.

t

Applying a log-transformation and reformulating in terms of the mean-variance efficient port-

folio A, process from M dynamics simplify to

dlog( 4, _
oudt ( > — =T dlog(P,)
Y v v

which can be integrated as

dlog(Q:) = -

1
Qr =Q, (e_ﬁ m%) " (1-2)6mtox(Pr) to(P)
t

and reformulated in terms of Fj,

~ 1 1—1
R R vy P* Y
J— - ftT (Ssds AT 97T
= e —_— .
@T@< &><%)
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A.13 Proof of wealth under optimal policy,

Wealth dynamics are given in

dW;
Wi

and dynamics for human capital Y(t, Xy, Q; Tr) are
dY, =0, Y dt + (OxYo)T (uxdt + Ex 1 dZx ) + 0T Qr (e dt + X1 dZg ) -

= (Qt]ltSTR — C:) dt + Wt ('l"t dt + W:T ((/LA,t — 'l"t]_) dt + ZA,t dZA,t))

After plugging the optimal consumption rate ¢ from and the optimal investment strategy
7; from (27)), the dynamics of log total wealth at ¢ € [to, T') become

dlog(W; + 1)
Qili<ry + Wiry 5 -3 1
_ < dt — &7 (Pf ) —dt
Wi+ 71, . 01 f(t> Xi, Pt)
—r1)T -
+ % (EA,tEELt) 1 ((ay —7el) dt + 24, dZas)

+ (p}(A,tE}(,taX log(f)

+ piTDA,tZTP,t diag(P;)0p log( f;)
Ox Y,
pXAtETXtWt + Tt

.
—> X (EA,tE,Tax,t)il (A —rd)dt + X4, dZay)
t

+ atTt dt + (aXTt)T (IUX’t dt + szt dZth) + aQTtQt (/J'Q,t dt + EQ,t dZQ,t)
Wi+ 71y

1 (tf (OxxtTiXx 2% ,) (aXTt)TZX,tE}(,tf?XTt>

W, + 7T, (W + 1)?

1 (O TiQiT0,E0,Q:) (00T’ QiT0.Eh, &
Wi+ Yy (Wi +71,)2

1
2
(57XQT JTREX 1PxQi 10 4 (aXTt)TEX,thQ,tETQ7t8QTtQt) U
1
2
_ (pa

3

Wy + T, (W + T)?

—r, )7 1 -1
(pa - +1) (EA,tEL,t) (MA,t7 +1)

S (S aiS) 7 S (Pha S0 108(f) + pa, S, ding(P)p log( 1))

dt

- 5(3)( log(f))"Ex tpxaPrr, P adx Ox log(fi) di

1 . .
- 5(813 log(f,))" diag(F)XpippatPsy, ,ppay S, diag(F)0p log(f:) dt

— (Oplog(fi))T diag(Pt)EP,tpPA,t,PEZMpTXA,tE_TX,taX log(f)dt
N 1(8XTt)TZX,thA,t,PZEwp}(A,tZ}(,taXTt &
2 (Wi + Ty)?
1aQTtQtEQ,thA,tPETAJpTQA,tETQ,taQTtQt 4t
2 (W + T4)?
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0 T1QiXq.peaiPsy, Pl a Xk Ox Te o
(Wi + 1)?

Substituting 0;T; from PDE (|A.30) into dynamics for total wealth and invoking the as-
sumption that human capital is tradeable yield

dlog(W; + 1)

1 . -2 1
:Tt dt - 61 (Pé,t) f(t, Xt7 Pt) dt

—r1)T -
+ (MAJ—t) (EA,tEL,t) 1 ((nay = rl) dt + X4 dZ4)

~
(,UAt 1) —1 (pag —7el)

g

(2A¢22¢) dt

1
2
< AtZX 10x log(f)
T —
+ PhasShe ding(P)Op10g(f)) S (SaSh,) ™ (g = rd) dt 4 D dZay)

1 :
3 <pTPA,tE1I-3,t diag(£;)0p log(f)
0%k iOx log(fi) ) Py, (9, Sh ding(P)0p log(f)

0k a2k 1 Ox 10g<ft)) dt

—r1)7 _ _
_ Mft) (EA,tEL,t) ! YAy (p}(AiE}(,t@X log(f) + p}AiE},t diag(P,)0p log(ft)) dt

Dynamics of log(f:) at t € [ty, T) are

dlog(f,) = }ft ai + ¢ )}fm dX; + (apfft>T dp,
1 Oxxtft  Oxfi (aXft)T) )
5t (( 5 ) A X
Lo (Zd 2ROy, )
N (T P
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Substitute 0, f; from PDE (A.19) and we arrive at

dlog(f,) = (k=L 0x log(f)

T —
+ PhasShe ding(P)Op10g(f)) S (SaSh,) ™ (e = rd) dt 4 S dZay)

0 T
+ % (dXt — UXxt dt — ZthpXA,t,PEL , dZA,t)
t 9
Op )T _ .
+ % (dPt — diag(P)pupy dt — diag(F)Xpppa Py, dZA,t>
t ’
. T 0 L - -1
_ (%EX,thA,t + “DTft) dlag(Pt)EP,tpPA,t) Yl (EA»tZ,Tax,t) 1 (pag — i) My
t ) .
1 1,% 1
—ef <P§*,t> ﬁ dt
T T\ .
5t _ (1 _ 7) (rt + %(NA,t*Ttl) (ZA,thyt) (1A 1)>
i dt
Y
1 (1-19)

- 570 (Or )T dna(P o
+(8Xft)TEX,thA,t> Py, <(8Pft)T diag(F)Zpippas
+(8Xft)TEX,tPXA,t> de

1(Ox f)Td[Xe, Xe] Ox fe | 1(Opfr)T AP, 2] Op fe
2 ft, Xy, P)? 2 f(t, Xy, P)?
(Ox f)T d[ Xy, P]Op [y Gt
f(t, Xe, P)?

where, in relation to the first line, pairs of offsetting terms were strategically to make the next
substitutions easier. Isolating those first line items and substituting them into the log total
wealth dynamics, we arrive at

)
dlog(W; + 1) =dlog(f,) — ;’f dt

n Tt dt + (/,LA,t — Tt].)T (EA,tZ;[Lt)_l ((MA,t - T’tl) dt + EA,t dZAﬂg)

7
_ E(MA,t — 7 1)7 (EA,tE,TLx,t)il (pas —rd) d&t
2 Y
0 T 0 T
- (ﬂzm dZx + (O f:) diag(P;)py de,t>
ft fi
oo [ LOxS)TX X Ox fe 1 (Op )T AL, B Op fi
2 f(tht7Rf)2 2 f(t7Xt7Pt)2
(Ox fo)Td[ Xy, P] Op f at
f(t7 Xta Pt>2
0 T 0 T
+ (< )}ft) Yxpxar+ ( I}ft) dlag(Pt>ZP,tpPA,t) PELt dZa
t t ’
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1 .
73 <(5Pft)T diag(P)Xpippat
Py,

+(3Xft)TEX,tPXA,t> —fQ’ <(8Pft)T diag(P;)Xpippas
t
"‘(aXft)TEX,thA,t) dt

Using processes (;, ¢; defined in and A, from [Remark 2| the dynamics of log total wealth
simplify to

O 1 -
—dt + —dlog( A;
- S dawa(3)
+ﬁ_ 1d[G ¢ (%_ ld[CtaCt])

AT o T2 e

dlog(W; + Ty) =dlog(f:) —

(A.31)

and more concisely

_ Ot 4y 4 L i L (4G g
dlog(W; + Y1) =dlog(f:) — St dlog(At) 1 < S o

which integrates to
Wi+ T, (Wto + Tto) s A L fdg /t d¢;™
= e 7t - exp| — 1y 1
It fto Ay, -7 to Cs to Cs

The bundle consumption rate from under the optimal consumption policy ¢f from
becomes

) T i 5 t g ot dgiY
~ 1 - = ‘/‘/ + _ t t 1—v - t I—~
vf = (e, P, 0) =¢7 (Pé*,t) ! —toft fo (e Jo 65dS—At> exp [ = o T 70 &
0 to

implying that

~ 1 t qfl— t del
* v =8 — s
* * — [} dsds P9,t0 Ay ‘/;0 & to ¢
’Ut :'Uto (& Y P—*~— exXp 1
o, Ay, -7

When v — 1 one can derive an equivalent expression starting from (A.31]) where

LG tdgT .
to ¢cim7 T Jtg I
exp 0 % 0 % — g—t&
1-— Y Cto Ct

A.14 Proof of stationary lifecycle paths, [Theorem 1|

First I would like to draw attention towards the structure of problem (35). Parameters at
time ¢ depend only on contemporaneous age t — t; and state X;. Probabilities of future states
conditional on filtration depend only on current state X; since the state process of this model
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is Markovian. The only extra problem variable to be tracked is current wealth to reference
income ratio W;. Therefore optimal policies only need to depend on age t — f, state X; and
W.

At ty indirect utility is
J(O, eywto s Xto)

where the individual has age 0 and vy, is the log of initial-wealth-to-reference-process ratio
which only depends on X;,. From this point onwards, lifepath processes can be character-
ized as pure mapping functions of current age t — tg and of realized paths comprising the state
X, path and the paths of increments followed by Z4; and Zy; since t,

{X[to,t]> AZ Ao, AZY,[to,t]} . (A.32)

The pushforward distributions of paths for lifecycle processes are mappings over the
distribution of state paths, asset return increment paths and reference process increment paths
(A.32). When these state and increment processes are stationary , then by Kallenberg
(2021, Lemma 25.1) the distributions of lifecycle paths associated to processes are also
stationary.

This characterization holds also under relaxed assumptions allowing parameters 7r,, Tr ),
v, 0,0, 1, 5 to depend on X;,. These parameters are already resolved at t;, when the individual
starts making decisions, so the problem conditional on these parameters is still equivalent to

(35)-

It even holds when modelling 774, Tr+ as random stopping times given by the first arrival
since ¢y of their respective Poisson process Ny, and Ng; with non-negative hazard rate process
Ary = Ar(t —to, X¢) and A\gy == Ag(t — to, Xt) dependent on age t — ¢y and state X;. In this
case, the terminal and retirement stopping times become

7ry =inf{m|m > ¢, and Np,, — Ny, > 1}
Trt =1inf{m|m >ty and (Ngsm — Ngy, > 1 or Ny — Npyy > 1)}
Compared to problem~7 the state space includes now extra information related to these

jumps, ie. J(t — to, Wi, Xo, Nry — Nrtyo, Nre — Nry,). Lifepath processes can be still
characterized as pure mapping functions of current age t — ¢y and the following realized paths

{Xito.1 AZ 10,1 Ay 10,41, ANT 10 41 ANR 104 } - (A.33)

Since the intensity of jump processes Nr¢, N, depends only on age t — ¢, and state X3, then

stationarity in ((A.32) implies that (A.33)) is also stationary.

A.15 Proof of deterministic lifecycle processes under extreme risk
aversion, [Corollary 2|

*
0,t

First, % = e"@t becomes an age t — ty dependent function after removing the state X;. ¥

+ . .
;}t’t become constant when there is no state process X; and Pc—i = v(c}, P, 0) is already shown
0,t

. P
to be constant in [Remark 5. From this, it follows that & = &t % is constant as well.
0,t
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Under stated assumptions and with time horizon 7 = Tr — t, PDE characterizes a
price multiplier Q(t — ¢o; 7r¢) with boundary condition Q(Tg — to;0) = 1 that only depends
on age t — tp but not directly depend on time or X,. Notice that the time horizon 7r; is a
deterministic function of age ¢t — g in this setup. Then from the right hand side of
the following equation depends only on age t — t,

Y(t, X;,Qu; T TR e
( ) t7Qt7 R) _ %/ Q(t7Xt;t+ 8) ds = el/Q,t/ Q(t — 1o; S) ds
Y; Y: Jo 0

Under stated assumptions and with time horizon 77, PDE characterizes a price
multiplier h(t — to; 77/) with boundary condition h(T — t5;0) = 1 that only depends on age
t —to but not directly depend on time or X;. Notice that the time horizon 77, is a deterministic
function of age t — tg in this setup. Then simplifying using assumptions and previous
arguments, the right hand side of the following equation depends only on age t — tg

ft. X, P) Loy

= ]152;&0h(t,Xt;t+TTt,9)+]l€1¢0/ ’h(t,Xt;t—l—s,H)ds
Y, Y: ’ 0

*

P _ Tt
:% (]152#0h<t — to, TTt, 9) -+ ]151750 / h(t — to, S, 6) d5>
t 0

From [Remark Bl
W + tXt,Qt,TR) . .
t _ Wt + T(tuXtaQt;TR) _ Wto + T(t07Xt07Qt07TR)
f(tXTz’Pt) f(t7Xt7F)15) f(t()’XtO?PtO)

so W, is a composition of the purely time dependent functions described before

W, — Wi + Y(to, Xto, Quos Tr) [ (6, X, 1) Y (E, Xy, Qs Tr)
! f(t()?XtOJPtO) ift }/:‘, '

The process J; from becon}es deterministic since there is no state X; and its remaining
inputs are deterministic J(t — to, W;).

Optimal investment strategy 7 from becomes constant

Tt Tt
- : tt v Ve
= (Za%0) 7" Saph,SL diag(P)dp 1Og(ft)W—Y — (ZaZ}) T Zaphath I;/

t t
X X

W, +
SN ARED PSS I R 3JS SIAREDY I
( A A) APy A%y W, ( A ) APYA Wt

=(SaZh) " SaplAST-

A.16 Proof of equivalent initial wealth,

Because of strict monotonicity on initial wealth W;, expected utility can replace initial wealth
in the minimization objective (33))

EW (t,W;, Hy; 7, %) = min U(t, W, Hy; 7)
w
st. U(t, W, Hy;7) > U(t, Wy, Hy; 7).
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The range of U does not depend on the strategy and the function is continuous on initial wealth,
so there exists a W such that U(t, W, Hy; %) = U(t, W, Hy; 7). This value coincides with the
minimum to the problem above and strict monotonicity makes the function invertible, thus the
equivalent initial wealth reduces to

EW<t7 Wt7 Ht7 , ﬁ-) = (U(tv K Hta ﬁ—))_l (U(ta Wt7 Ht7 7T)) :

A.17 Proof of expected utility with incomplete markets,

The Hamilton-Jacobi-Bellman equation can be derived following the steps of up
to (A.14)). With ey =0, e, =1, Q; =0, ¢, = 0 and for any arbitrary but finite 7, we arrive at

0 =0wUW;n] (pas — 1)
+ %aWWUtWEwg SaaXl T+ (OwxU) Exipxaa X, m W
+ (OwpUy)T diag(P)SpuppasSh mVy
U (L, Wh, Xo, Pi) + 0Us + O UWers + (Ox U Tpixs + %tr (OxxeUiSx, 5 ,)

) 1 . .
+ (0pUy)T diag(Py) pupy + 3 tr (8ppT U, dlag(Pt)Ep,tZ},t dlag(Pt))
+ tr ((aXPT Ut)TEX,thP,tETP’t dlag(Pt))

=1 Wi
1—v °

with boundary condition U (T, Wy, Xy, Py;m) = (Pe*,t)
Consider the following ansatz

W)
U(t7 thXt7Pt;7T) :1 ﬁyf(tthapt;ﬂ_)Py

then
0 =0, fi
6 — (L =) (re + o] (pae — rl) — v3m] S, B )

f‘y
—+ (8xft)T (,LLX7t + (1 - W)EX,thA,tZL,tﬂ—t)

1
+ f(tvxta Py; 7r)§ tr (((’Y - 1)f(t, Xy, P; 7r)_2({9)(]015(3Xft)T + f(tvxta P W)_laXXTft) EX,tZ},t)
+ (Op f1)7 (diag(P)pps + (1 — ) diag(P)Epippar sl i)
1 . .
+5tr (((7 - 1)f(t7 Xy, BPy; W)_lant(ant)T + aPPTft) dlag(Pt)EP,tE}{t dlag(Pt))

2
+tr (((v = 1) f(t, X, Py )" Ox f1(Op f1)T + aXPTft)T YXiPxPtEpy diag(P;))

- f(t7Xt7Pt;7T)

_1
with boundary condition f(T, Xy, P;m) = (Pg*,t)1 7,

Using the following ansatz

f(t7 Xta Pt; 7T) = (Pg,t) 17% h’<t7 Xta Ta 07 7[_)
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then

) 1 1
3tht :h(t, Xt, T, 9, 7T) <;t — (; — 1) (Tt -+ (/.LAﬂg — ?"t]_>T7Tt — 5")/7T2-EA¢ETA¢7Q

— 07 (upy + (1 — ’Y)EP,tPPA,tZL,tWt)

1 1 )
+ 5(1 — 0P Np,0 + 3 tr (diag (6) Ep,tE}J)))

- (axht)T (MX,t + (1 - ”Y)EX,t (pXA,tEL’tﬂ't - IOXP,tETP7t0))

(Oxhy)TEx 2% Oxhy 1
AZXAOXT 2 S 2T A.34
WX Toom 2 Ok (.59

+%(1—7)

with boundary condition h(7T, Xy;T,0,7) = 1.

The PDE for h(t, X;T,0,m) is a particular case of the semi-linear PDE from

parametrized as

g (ta Xt7
& (1 L5y s
R, = - + S 1 (n + (prae — 11)Tm — SRR R PLL
— 07 (ppy + (1 — v)EP,tPPA,tE,TL;,ﬂt)
1 1 .
+ 5(1 — N0 NE,0 + 3 tr (dlag (0) ERtE}D,t))’

By =pxs+ (1 —7v)Ex, (pXA,tz,TLLﬂTt - pXP,tE}-?,t9> ;
Ct = VEX,tZEQw

D, = zxﬁtzg(,t) (A.35)
with boundary condition g(7, X;) = 1.

explains how to reduce the semi-linear PDE to a system of Riccati ODEs when
parameters satisfy a quadratic structure in state. In that case, Ry, B, C;, D; can be constructed
from the following building blocks

(0r) = s+ By X+ Xyt 5wl "y X
(re) = Pt By XP+ X, 0w, "y X
- A0+ AB, XP+ X, n,r W n", X1
= s, 0+ 2, B, XV + X, n,r EAwhm n", X1

()t = paf 4+ pBE XP+ Xl e, X
(EP,tPPA,tEL,t”t)k = ZPA@k + szﬁkp XP+ Xp 77h,p szwkhm 77mq X1
(EP,tETP,t)kl = zpakz + zpﬁkzp XP+ X, 0" zpwkzhm n", X1
(ﬂX,t)k = xa* — X/ka XP+ X, xw™, n", X?
(SxepxaShym)’ = soadk+ 5Bt X0+ X, nP g a0t g, X0
(EX,thP,tijD,t)kl = zxzp@kz +Ex2pﬁklp XP+X, n" Exzpwkzhm n", X?
(CxaB%k,)" = seofit o B XPH X, ) g W5, 0, X (A.36)
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shows how to explicitly solve the diagonalized version of the aforementioned
Riccati ODEs for an ample range of cases. This explicit solution assumes time invariant coef-
ficients but, when the investment strategy m depends on time, can help to isolate
time dependent coefficents in a separate PDE and leave only time invariant coefficients for

Section A.22]

A.18 Proof of semi-linear PDE separation, [Lemma 10|

Using the Ansatz
9(t, X) =ag1(t, X1,)ga(t, Xoy)
and substituting into (38)) we arrive at

~ 1 (0x, T(Cyy — D14)0x,
0=g2(t, Xo4) | Org1e + (Ox,91.4)7 (Bl,t + (4 ,40x, log g2,t> + —( ,91.6) (Ch 10)0x, 911
2 a1 (t7 Xl,t)

1 R
+§ tr (Dl,taXIXIgl,t) +g1(t, X1,0) | Rie + (Ox,10g g2,0)" By

+ (3)(2 log 92,t>Tél,taX2 log 9ot

1 .
+§ tr (Dl,taXQ)q log 92,t) > )

1(0 T(Coy — Dyyt)0
+g1(t, X10) | Orgoar + g2(t, Xog)Roy + (Ox,924)  Boy + —( ,92) (Co 2)0x: 92
2 92(t, Xoy)

N | —

1
+§ tr (Dz,taxgxggzt)>

which is satisfied when PDEs hold. Under conditions , , the parameters of PDE
only dependent on X ; or time, but not on X,;. Parameters of PDE only depend on
Xo, or time.

A.19 Proof of time separation, |[Corollary 3]

Applying with an empty state partition X, reduces the PDE to an ODE for
91(t)

~ 1 ~
0=0g14+ g1(%) (Rl,t + (Ox, log g2,4) T B1s + 5(5’)(2 log g2.4)TC 10x, log a4

1 A
+§ tr <D1,t3X2X2T log 92,t>>
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and the solution to this linear ODE with boundary condition g;(7") is just

T
~ 1 ~
g1(t) = g1(T) exp (/ (Rl,s + (0x, 10g g2,5) T B1,s + 5(3){2 log g2.5)TC1 s0x, 10g g2,
t

1 .
+§ tr (_DLSaXQX;‘ log g2,3>> ds) .

A.20 Brief explanation of tensor notation

A tensor is a generalization of vectors and matrices that can accommodate any arbitrary number
of axes.

Consider matrices A and B of size n X n, column vectors x, y and z of size n and a scalar
c. Using tensor notation we need refer to the matrix Aij specifying the indices ¢ for the row
axis and j for the column axis. The position of indices determines the axes that they refer to,
for instance A’ , refers to rows with j and to columns with ¢ but it is otherwise equivalent to
our previous example except for the change in “labels”. If an index is omitted, it is understood
that we contract the omitted axis and sum its values. E.g. writing A® in tensor notation would
be equivalent to A1 in matrix notation.

Indices need to be specified in both sides of an assignment, and they can appear as subscripts
(covariant) or superscripts (contravariant). When the same index appears twice in a product
expression once as a subscript and once as a superscript regardless of product order, it is
equivalent to the inner product, that is

y = Aij o=l Aij = AY Tj = A
is equivalent to y = Ax in matrix notation. If an index appears twice as a superscript or
subscript on different tensors regardless of product order, then it is equivalent to an elementwise
product, e.g. 2' = x'y’ = y'a’ is equivalent to z = diag (z)y. The outer product A = xyT in
matrix notation corresponds to Aij = ! Y = y; 2' in tensor notation. If an unassigned index
appears twice on the same tensor, once as covariant and once as contravariant ¢ = A°,, it is
equivalent to the trace in matrix notation ¢ = tr (A). An assigned index appearing twice as
covariant or contravariant on the same tensor ' = A" extracts its diagonal z = diag(A). With
these rules it is also easy to see that the matrix transpose B = AT is equivalent to Bij = Aji.

In this environment it is handy to define the Kronecker delta ¢

' 1 ifi—
o= nred o (A.37)
0 otherwise

then building a diagonal matrix from a vector A = diag(x) becomes A*; = z* ", .

Tensor notation is very flexible and allows some expressions that cannot be translated
to matrix notation. While in matrices the first axis is contravariant and the second axis is
covariant, tensor notation allows the expression A;; making both indices covariant. The rules
explained here extend quite naturally to tensors of more than 2 axes, like C’ijkl.

Subscripts and superscripts on the main tensor symbol are part of the tensor object. For
instance descriptive subscripts C, ¢t and D,t add a time index 7 and help to distinguish tensors
c..3%, and _B%  that have axes k, [, p.
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A.21 Reducing semi-linear PDE to Riccati ODEs, |[Lemma 11|

Consider the PDE for g(t, X;) with some deterministic boundary condition g(7, X;) and
dynamic parameters R; = R(t, X;) as a scalar, By = B(t, X;) of size nx, C; = C(t,X;)
symmetric of size ny X ny and D; := D(t, X;) symmetric of size nx X nx

B T(C,— D)0 1
xg:)" (Cy ) th+§tr(axngtDt)'

1
0=0,9; + g: Ry + (0x9:)" B, + 5( (6. X))

This section uses tensor notation described in [Section A.20, Assume that the boundary
condition can be decomposed in terms of the following deterministic coefficients

(T, X) =0+ X, MO +5 X, m,7c(0)"s ', X,

Reducing the PDE into Riccati ODEs is possible when state dependence can be
reparametrized using quadratic terms as in Liu (2007)). This can be expressed in tensor notation
and using time horizon 7 =T — t as

(RT—T) = R,Ta + R,Tﬂp XP + Xp nhp R,Twhm 77mq X1
(BT—T)k = B,Tak + B,Tﬁkp XP o+ Xp nhp B,kahm 77mq X1
(CT—T)kl = C,Takl + or klp XP + Xp 77hp C,kalhm 77mq X1

k k k 14 P kh m q
(DT—T) 1 = DY + D,r le + Xp M DY i1 mT qX

where parameters subscripted with left subscripts ¢ and p are symmetric with respect to the
first two indices, e.g. Cﬁﬁklp = C’Tﬂlkp . On the right hand side, ™, is constant and remaining
parameters o a, .8, 7,w can still be time dependent through time horizon 7 but not state
X dependent. Time subindex on X is omitted to reduce notation clutter.

This general formulation includes those of Kim and Omberg (1996), Wachter (2002) and
Liu (2007). The solution to the PDE is based upon the following ansatz

g(t X) _t(T-1)+X, b(T—t)" +5 X, m," e(T—t)", n¥; X7 '

Main Riccati ODEs Using 7 =T —t and substituting the ansatz into the PDE yields,
under restrictions (A.41)-(A.43) and (A.44]) detailed below, the following system of coupled
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ODES|

1 1
Ora = p 0 + B,Tak b(T), + B C,Takl b(7);, b(7)' + 5D o) n,f "y

’ 2
(A.38)
i i i 1 i v ofr)", + (1)t
0o =+ 5B BT+ g BB+ oy, A AT
A 1 A v CT Ml/ + o7 uu
+<B,r@k% +§D,T 5 77,/>77k (7) 5 (7) (A.39)
i i AVCTiV_FCTVi i I/CTMV—i_CTI/M
0y, =2ty + 2 By S U 1 e )
v C<T)iy + C(T)ui C(T)M' + C(T) i i i
+ C,T@kz "k 77,/ 7 2 5 4+ QB,kaj b(7)y + C,kaz j b(7)" b(),
(A.40)
with the previously assumed a(0), b(0)", ¢(0)?; as boundary conditions.
The following restrictions remove the cubic and quartic X terms from the PDE
L c(m)t, +celr) M
B,kahm Mk (r) 9 (r) =0 (A.41)
L o)t +celr) M
C’,kalhm 5(7)177 k ( ) 9 ( ) =0 <A42)
L c(m)t, +celr)
0B 1 ) 5 0 (A.43)

while additionally imposing this other restriction helps to simplify the ODE for cij in ([A.40))

y 1)y, +er))

AU, C(T)iu + C(T)Vi
B,Tﬂkq " 2 :B,T/Bj n]q

2

where BJB ;7 1s defined implicitly through this restriction.

(A.44)

In general the above system of Riccati equations is not guaranteed to have a unique solution
and even existence of a solution can depend on the parameters and time horizon considered.
The numerical procedure to solve for a(7) is straightforward: integrate using initial
condition a(0). Numerically solving and for b(7)" and ¢(7)’; is also possible, e.g.
discretizing, but it is more computationally involved. If parameters are time varying, one also
needs to apply the appropriate transformation so that they are indexable by 7 =T — t.

A solution to a simple case In the special case of ' =0, ,w’; =0, b(0)" =0 and

c¢(0); = 0, the restrictions (A.41)-(A.43) and (A.44) are not needed, since those terms involve

C(T)ij and its value is zero. The solution in this case is simply

-
a(1) =a(0) —i—/ R ds
0
b(r)" =0
c(r)’; =0.
3The ODE for cij admits an alternative definition to (A.40), where the term p B I % is replaced

~. B M
by B,TBZM m The definition of choice is simply a matter of convetion and both produce the same
final expression g(t, X;) because the quadratic term is symmetric. Some terms related to C' were also simplified
based on this symmetry.
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Diagonalized Riccati ODEs Some interesting closed form solutions can be obtained by
diagonalization when parameters are constant. Let  denote the Kronecker delta and
the binary operator ® denote the Hadamard product. The Riccati ODEs can be diagonalized
with ¢(7) = diag (¢,(7), &2(7), . ..) to partly decouple the ODEs as

0-a =vy + vib(T) + %tf (Lsb(T)b(T)T) + %tr (7 diag (&(7)))

1
a.,-bi =U14 — el,zb(T) —+ évﬁ,ib?<7—> -+ ’Ug’iéi(T) + ggﬂb(T)él(T) for i = 1, oo,
(97-61‘ :2U2’i — 2?)971‘61‘ (T) + U5’i6? (T) for i = 1, NN’
with boundary conditions a(0), b;(0) and ¢;(0) for ¢ = 1,...,nx. Scalar parameter vy, vector

parameters vy, Us, Uz, Ug, Wg, Wy Of size ny, symmetric matrix parameters /5, {7 of size nx X nx
and lower triangular matrix parameter ¢4 of size ny X nx correspond, in matrix notation, to
the following decomposition

Ri= vy + vt X + vl X2
By = vz — X
Cy= Uy + diag(vs® X)
D,= {¢; + diag(ws® X) + diag (wg ® X2) ,

which is subject to the restrictions

U6 ® Ty =0 (A.45)
004 © £5 =diag (03 © vs) (A.46)
U617 © £y, =diag (U © vy) (A.4T7)
01T © 0] =diag (02 © vy) (A.48)

and, when /4 is a non-diagonal matrix, there is an additional restriction on the following
expression to be a lower triangular matrix

V1T ® 5. (A.49)
Here and in the following I use the shorthand notation

vy =diag (44)
vs = diag (¢5)

06 ::]lvg;éo

Uy =120 v &0)20
wg

vg ‘=vU3 + 5
Wy

Vg ‘=Uy4 — 7

The diagonalized ODEs above admit a more general decomposition of D, although it requires
the use of tensor notation

DY = ()% + pBN' X, + Dwklinin

(ws); = pBu (A.50)

(we); = pWisis
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subject to restrictions
(’DQ)k (62)1 D/Bkki — 5kz (@2)1‘ (ws)i
(02)" (02)" (D2); pw™; = 6% 6% (D2)" (wy)'.

describes how to solve these diagonalized Riccati ODEs explicitly, which in
turn solve the PDE as

g(t X) :ea(T*t)+b(T7t)TX+%5(’1171&/)7)(2 '

The diagonalized Riccati ODEs were derived by imposing some restrictions to the main
Riccati ODEs above. This diagonalization corresponds to the case in which 7 = [ is the identity
matrix, gw*; =0, qwh; =0, vectors ve,;, Us; satisfy the following diagonal constraints

Cﬁkli :5kz 511' (Uﬁ)i
Rwlj :523' (va)",

and remaining terms correspond to

Vp = p& U1,i :Rﬁi U3, ZBOéi (Q)kp = - Bﬁkp = —Bﬁpk
v =diag ()" (b)Y, =, vs,; = diag (£5)' (£r)", = pa®,
(ws); =pBu (wo); = pWyii Us,i =Us3;i + wz&i V9,i =U4,i w;i
Uy =1yy20 v 50)20 Vg =150

The restriction below diagonalizes interactions of term ,a¥, in (A.40) and prevents the intro-
duction of reciprocal dependencies through ~a*, in (A.39)

(02)7 (T2); (6s)'; = &, (02)" (v5)!
giving |D The following restrictions make the k, [ traced diagonals of 3% in (A.40) and
of pwk!  in (A.39) to become diagonal also with respect to i, j

(U2) (@2>z Bkkz — 51% (~ )z (wg)"

(02)F (T2)" (Da); pw™; = 6" 6," (D2)" (wy)’

giving the restrictions associated to decomposition (A.50)). This other restriction ensures that
constraint (|A.43)) is satisfied

(v6)' (02)" = 0O
giving rise to condition . The restriction

(T6)” (€a)"y =6" (T6)? (va)"
makes sure that when 0g; # 0, term gz (% for b;y(7) in only have terms referencing
component ¢ giving rise to . The restriction

(02)" (£4),F =3," (02)" (va)"
helps to ensure a dlagonal structure for ¢;(7) in - A.40) by imposing a partial diagonalization of

BJB]” and gives rise to . To avoid reciprocal dependencies across 4, {5 terms in ((A.39))
when /4 is non-diagonal, I restrict the following expression to be a lower triangular matrix

(22)* (65)",

making non-diagonal matrix terms produce a lower triangular matrix expression
(B,Tﬁzi + &(1)’ C,Taiz) b(r)!

giving rise to (|A.49)).
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A.22 Closed form solutions to diagonalized Riccati ODEs, Lemma 11|

As shown in if the parameters of the semi-linear PDE from [Definition 3| can be
reformulated in terms of constant quadratic coefficients satisfyingﬁ

Ri= vy + vl X + v3 X2
B = vy — 1494
Cy= Uy + diag(vg ® X)
D= (; + diag(ws®X) + diag(we® X?)
with scalar parameter vy, vector parameters v, vg, U3, Ug, Wg, Wy of size ny, symmetric matrix

parameters (s, (7 of size nx X nx and lower triangular matrix parameter ¢, of size ny X nx
subject to restrictions

Vg @ @2 :0 <A51)

626% ® 65 = dlag (’[)2 ® U5) (A52)

66]—1- ® 64 = dlag (66 ® U4) (A53)

73211— ® 61 = dlag ({}2 ® U4> (A54)

and subject to the boundary condition decomposition below with deterministic a(0), (0), ¢(0)

g(T,X) :ea(O)—i-b(O)TX—&-%é(O)TXQ

then the candidate solution corresponds to

g(t, X) — o t(T=t)+b(T—t)TX + 3 &(T—1)TX?

with a(7),b(7),&(7) as solutions to the diagonalized Riccati ODEs below (A.56) (A.57) (A.58)).

Here and in the following I use the shorthand notation

vy =diag ({4)
vs = diag (¢5)

66 ::]11)6?50

Ug :=14y20 v &0)20
Wg

Vg ‘=v3 + 5
Wy

Vg - —=Uy — ?

When /, is a non-diagonal matrix, there is an additional restriction on the following expression
to be a lower triangular matrix

0217 © U5. (A.55)

Now consider the associated system of ODEs with constant parameters

1 1
0ra =vy + vib(T) + 3 tr (Ls0(7)b(7)7) + 5 tr (07 diag (¢(7))) (A.56)
1
0-by =v1; — £} ;b(7) + 5/0672'()22(7-) + vg,iCi(T) + 05 ;b(T)E(T) fori=1,....,nx (A.57)
87—52‘ :21}2’2' — 2?)972‘51' (T) + U5,ié? (T) for ¢ = 1, NN 15’ <A58)

4Note that D also accepts a more general decomposition described in [Section A.21|at the expense of more
complex notation.
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and constant boundaries a(0), b;(0) and ¢&(0) fori =1,... ,ny.

The solution to a(7) is
T 1 T
a(t) =a(0) + voT + ug/ b(s)ds + §tr <€5/ b(s)b(s)T ds)
0 0

+ %tr (67 diag ( /O ' &(s) ds)) (A.59)

The remaining parts of this section show how to explicitly solve the b;(7) and &(r) for
each ™" component under different restrictions. These solutions enter a(7) again through the
integrals in right hand side of (A.59)). Closed form expressions for the integrals of ¢(7), b;(7),
bZ(7) and b;(7)b;(T) can be obtained in many cases, for instance through computer algebra
systems like Mathematica, but they are not provided here. In my experience, off-diagonal
elements b;(7)b;(7) are the most troublesome although their integrals are not necessary when
U5 is a diagonal matrix. When closed form integrals are not available, they can be computed
numerically.

Solution when {vy; = 0 and ¢(0) = 0} and {v;; = 0 and ;(0) =0 and ¢;, ;, =0} In
this case we have that b;(7) = 0 and ¢&(7) = 0 thus these components disappear and their
associated integrals disappear from (|A.59)).

Solution when {vy; = 0 and ¢(0) = 0} and {v;; # 0 or b;(0) # 0 or ¢4, ;, # 0} and
ve; = 0 In this case we have that ¢;(7) = 0 and (A.57)) transforms into a simple linear ODE
for b;(7) with solution

bl(o) + V14T — gll — fOT b_i(s) dS lf V44 — O
bz(T) = ’ " )

4 —Ug T d—e AT T b —v4,i(7—5) i
bi(0)e™7 4 w1475~ Chii Jo bi(s)e™vs ds otherwise.

Negative indexes like b_;(s) select all the positions along the axis except for the specified
one i. Restrictions (A.52)) (A.53) (A.55]) prevent simultaneous dependencies among b_;(7)
components. When dealing only with this kind of components, the restriction of ¢, to be a
lower triangular matrix makes it possible to sequentially solve each b;(7) component in order
1= 1, BN 'S

Solution when {vy; = 0 and ¢/(0) = 0} and {v;; # 0 or b;(0) # 0} and vg; # 0 In this
instance, we have that ¢(7) = 0 and we focus on b;. Solutions for b;(7) fall into different cases
depending on s

2
»; :U47i — 21}171'1}671'.

Rearrange (A.57)) to integrate over time horizon
T T asbz
/ lds = / (5) T 5 ds
0 0 ULi — Vabi(8) + 506,07 (5)
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The solution can be found using integration tables
(

(*U4,r\/7z‘)
2

(01,¢+

b¢(0)>(le T )/7ibi (0)

(Ue,ibi<0)*v4,i+\/"7) (1767

Vi~ 2

V)

vq 5 —vg,:0:(0)

vy ;—vg. ;b4 (0
1+ 4,1 55,2 i ( )T

V45—

U6,i

vg,;0;(0)—

)

2

v4,;+v/—; tan (arctan(

V6,i

)

(/7 > v6:0i(0) — vy
or else
if 2¢; > 0 and o sb5(0) 11—/
o _log(vm h o)
\ \/Z
(0 < vs — vg,bi(0)
if 5, = 0 and or else ,
<
" U4,i - Uﬁ,ibi(o)
»w; < 0
if T — 2arctan (%#)
and 7 < 2
—
(A.60)

Note that 7 refers to the trigonometric constant in this context. Dependencies on other b(7)
components are ruled out by restrictions (A.51)) (A.53]).

Solution when {vy; # 0 or ¢(0) # 0} and vs; = 0 In this instance, solutions for ¢ (7) fall
into different cases depending on h; as detailed by Kim and Omberg (1996))

2
hi :4U9,i - 8U5J'U2’Z'.

First we rearrange (A.58]) and integrate over time horizon

8561‘(8)

d
2’097@‘51'(3) + U5,il§l2<8) °

1ds :/
/0 0 2U2; —

then we can find the solution using integration tables

( 21}272'7' + 61(0)

—e2v9,iT ~ _ )
U27116—7‘ + 61(0)6 27}9,17

V9,i

f

V9,i—

(2vat(- Ha)) (1-e V) e 0)

\F—(Umcz(o)—vgri-\r)( —e” h“)

v9,i=5,i¢ (0)
1+(v9,i*v5,ici(0))f

Us,i

v9,i—

if vs; =0 and vy, =0
if Vs = 0 and V9, 7é 0

2v5 ;6;(0)—2vg ;

VR
2

vg,i+

tan (arctan(

Us,i

)i
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(vs; #0and h; >0
1
(U97i > U5,i5i(0) — 5\/71_1 )
if or else
and < Jm
10g<v5’zcz(0)_vg”_ 2 )
— Us,564(0)—v, i+ Yo
; . Vi )
(v5; # 0 and h; = 0
(0 < Vg ; — Us5,¢;(0)
if < and or else 1
- -
" Vgi — Us 102(0)
U5z #+ O and h; < 0
if T — 2arctan <%)
and 7 < i
\ A /_hi
(A.61)




Once ¢(7) is solved, the expression can be plugged into the ODE for b;(7) (A.57)). Solving
this inhomogenous linear ODE is straightforward as long as it remains finite

Ji el onm s B (1 g (5) + ()b ils) — Lo bi(s)) ds + i(0)
efoT(U4,i—U5,z‘5i(s))ds .

bZ(T) =

Negative indexes like b_;(s) select all the positions along the axis except for the specified one 1.
Restrictions (A.52)) (A.53]) (A.55]) prevent simultaneous dependencies among b_;(7) components.
The restriction of ¢4 to be a lower triangular matrix together with restriction ({A.55) makes it
possible to sequentially solve each b;(7) component in order i = 1,...,nx. When ¢, is a diagonal
matrix, restriction is not necessary. In this case one can solve first for each j component
of the b_;(7) associated with non-zero ¢5; _; coefficients because their ¢;(s) = 0 and therefore
they cannot depend on other b_;(7) through #5; _;.

Known closed form solutions to b;(7), assuming that ¢5,; ; = 0 and ¢,,; _; = 0, are displayed
separately for the main groups of cases depending on the values of v5; and h;.

If Us,i = 0
(bZ(O) + (Ul,i + ’U&Z’éi(O)) T+ 'Ug’ﬂ)gﬂ"i'2 if Vg; = 0 and V4 = 0
by(0)evaaT 42Uy <U1,i +Uss (@(0) - 2%)) Le i g, = 0 and vy # 0
bZ(O) + (Ul,i + %) T+ Ug,i (@(0) — %) % if UQJ‘ 7é 0 and U47i =0
U2\ 1 —e 7
bi(o)efml,ﬂ + (ULi + 2U8, V2, ) e
(R U4,
bz‘ (T) =

(R

)

UB,iU2,i) 1 —e "7
V9,i U4

<bi(0)ev4’ﬂ + (Ul,i +
. —2V9 T __ ,—U4,T . .
. (UQ,’L B 51(0)> e e ) " {1)97Z #0and vg; #0

Vg, i 2U9; — V4 and 2vg; 7# V4

209 ; ,
+ug,i (5z‘(0) - &) Te_v4”T> if 209; = v4; #0

\
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If Us; 7é 0 and hz > 0 and 61(0) =0

4
ﬂbi(o)

2v2 ;

+ <U8,i + <U9,i + \/QE) &> T

2vg 4

Vhi | Vi
— (US,i + (UQ,i - QZ 2’U2Zi

l—e”

2U2 i

\/Eb 0 —\/?’T,-T
bi(r) = B0

2u2 ;

’ \/E*(*Ug,hL%\/h»i)(l*efﬁT)

2V9 4
2 Vi~ (—va,+ 5 VA (1—e Vi)

21}27

e = <U9,rv4,r
K1,;+Ks e th-&-(bi(O)\/T’i—Kl,i—Kz,i)e

2’(}2’7;

\
under the restrictions

—2vg ;—V/h;
log (*2U9,¢+\/h7

Vi

e (—um Vi ) (1—eVAim)

)

Vg; > — or else T — —
9 hl
where
2U8,i + <Ug7i + @) %
Kl ;] — "
! Vhi—2 (U9,i - U4,z')
hi ,1
2ug; + (’Ugyi - ‘g) %
Ky,

VR 2 (Vg — Vay)

64

S

if vg; — vy

: V1, —67\/’\177—
+ <U8,i + (Ug,i + \/ZE) ﬁ) L N

— (Us,i + (Ug,i — \/2h7> L ) re~VhiT

S

lf ’Ugﬂ' — U4,i = —

if ’U9,i — U4,i| 7£



If Us 4 7é 0 and hz =0

.
va,i V4,
bi(0)+<’U1,i+’U8,i o5 s ) (T-‘-?T?) " Vpg = Usg
1 K b
14va 7 and Vg,j = ’U57Z'CZ'(O)

b;(0) + (’Ul,i + vs; Z‘;:) (7 + “ir?)

_Z;z (U4,i — U5,iCi<O)) T

log(1+(vy,i—vs5,ici(0))7)
- Ci(())U&i <T - v4,i—5,i¢i (0) )

i V9i = U4y
! and Ug’i 7é U5,iCi(O>

14wvy ;7

1 — e~ (voi—vai)T

Vg,i — U4
re—(Woi—vai)T _ 1—e(MoiTvadT
V9, —V4 i

bi (T) = — Vg
Vg i — Uy " {Ugﬂ‘ # Uy }

and vg; = vs,;¢;(0)

(1+v97i7)e*(vg,rv4,i)‘f

—(vg i—vq )7

bl<0) + Ul,iliijgyT

v9,i
V1,i T8 5 ’_)UQ,z‘ —(vg j—v4 )T
_ ( 5,1 7-67(“9,147”4,1')7' _1—e 9,17 V4,1
V9,i—V4,i V9,i—V4,i

v9,i —V4,i

+ ¢i(0)usgeroisici®

Ei ( _(’Ugyi_’U4,i)) . (U9,i . U4,i)7'>

vg,i—s5,i¢; (0

< —(v9,i—va,i)
— Ei <'U9,i_U5,iCi(0) )

Vg,; — U5,ici(0) i Vg i # V4,
and vy ; # vsici(0)

(1+U9’i7—)67<"’9,i7“4,i)7

\

under the restrictions

1
vg; > 0 or else T ——.
Vo,
where Ei is the exponential integral Ei(z) = ffoo et—t dt.

If Us; 7& 0 and hl <0
V—h,
bl('r) —bi<())e_(v4,i—v9,i)7' sec (Kgﬂ' + 5 7') cos (Kg’i)

Ky ; + Ks;tan (K&i + ;h" 7')

K4,i COS (KS,i)

_ p—(vai—vg )T (K Vol >
e sec ; T )
5 2 + K5,z’ S1n (Kg’i)

<U4,i - Ug,z‘)Q - %
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under the restriction

21)5’7;52'(0)721)9,1')

7T—2arctan( e
T <<

where

Closed form expressions for integrals of ¢;, b; and b? can be obtained for many cases. Im-
posing restrictions like vg; = vy, and ¢;(0) = b;(0) = 0 helps to find closed form expressions for
tough cases.

Solution when {vy; # 0 or ¢(0) # 0} and {v;; = 0 and §;(0) = 0} and vg; = 0 and
l;;_;=0and ¢4; ; =0 Then b;(r) =0 and ¢(7) coincides with (A.61]).

Solution when {vy; # 0 or ¢(0) # 0} and vs; # 0 and /5, = 0 and vg; =0 Then b;(7)
and ¢;(7) coincide with restricted instances of (A.60) and (A.61]). Although they technically

solve (A.57) (A.58), these constraints do not correspond to quadratic cases from [Section A.21|
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