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Abstract

This paper extends Liu (2007) to capture lifecycle risks beyond investment returns and
studies the conditions under which lifecycle paths become stationary, establishing a basis
to compare lifepaths across generations. Modelling risky income, stochastic consumption
prices and risky returns together makes it possible to capture common factors embedded
into these processes through a shared state process. As in Liu (2007), closed form solutions
are available when stochastic processes follow certain quadratic dynamics including the
models with stochastic market price of risk and stochastic volatility with market price of
risk proportional to volatility.

Investment returns together with income and consumption price changes are important
sources of uncertainty when taking consumption and investment decisions. Moreover, there is
evidence that these components are related beyond simple correlations, as argued by scholars
in the economic and finance literature. For instance, there is evidence pointing towards house
prices, rent prices and income cointegration (Malpezzi, 1999; Meen, 2002; Gallin, 2008; Holly,
Pesaran, & Yamagata, 2010). Another case is cointegration between income and dividends as
argued by Benzoni, Collin-Dufresne, and Goldstein (2007). To capture these type of relation-
ships in a comprehensive manner, lifecycle models need to incorporate shared state processes
among asset prices, income and consumption prices.

There exist lifecycle investment models capturing each of the features described above,
but not all of them together. The earliest continuous time portfolio optimization problem is
Merton (1971), which provides closed form optimal consumption and investment policies for
investors with constant relative risk aversion and human capital. Kim and Omberg (1996) and
Wachter (2002) solved a similar problem under a stochastic but partly predictable risk premium
embedded into the state process. Liu (2007) generalized this framework to investment and state
dynamics that follow quadratic processes, including stochastic volatility based on the Heston
model or the previous stochastic risk premium model. Benzoni et al. (2007) develop a lifecycle
model with return predictability by means of a stationary income-dividend ratio embedded in
the state process, and solve the problem numerically.

Stochastic consumption prices and Cobb-Douglas consumption bundle aggregators have
been widely used to model housing services. Early works like Damgaard, Fuglsbjerg, and
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Munk (2003), Cocco (2005) and Yao and Zhang (2005) were solved numerically and focused
on modelling housing frictions such as indivisibility and illiquidity. Kraft and Munk (2011)
managed to obtain closed form solutions after removing frictions.

The main contribution of this paper is extending the consumption and investment problem
of Liu (2007) to incorporate risky income and stochastic consumption prices sharing a common
state process while maintaining tractability. These new components share the state process with
asset prices, making it possible to capture more complicated relations such as cointegration.
Like in Liu (2007), exact solutions to quadratic cases are general enough to include stochastic
market price of risk and stochastic volatility with market price of risk proportional to volatility.
Additionally I extend the separation theorem to derive exact solutions when state process
innovations are correlated between state components.

The consumption and investment problems faced by individuals share a common structure
regardless of parameters or time references. I find that, under some stationarity conditions,
a reference income process becomes a natural numeraire for individuals whose consumption is
exposed mainly to labor price risk or wanting to keep up with the Joneses. One may then prefer
to measure savings as years of average income saved and consumption rates in proportion to
average income.

In this paper I provide a comprehensive modelling framework, including an auxiliary asset
pricing model and tools to measure welfare changes under alternative investment strategies for
evaluating counterfactual scenarios. The asset pricing model considers investment assets, like
stocks, housing or bonds, as claims to a stochastic payoff stream. This is useful to structurally
relate asset prices with consumption prices or the income process, and to understand the
implications that those relations have on asset returns and common financial indicators under
rational assumptions. When imposing quadratic and affine structures, the solution to associated
pricing PDEs is very similar to that of zero-coupon bond prices with quadratic term structures
(Ahn, Dittmar, & Gallant, 2002), but generalized to stochastic payoff processes instead of a
deterministic unitary payoff.

I apply this model to a lifecycle investment problem with housing and income cointegration
in Garćıa (2026). That companion paper captures housing, income and even stocks cointegra-
tion in a tractable lifecycle model exploiting the tools that I develop here. However it is more of
an empirical paper, since it estimates model parameters and evaluates the impact that housing
and income cointegration have on investment, consumption and welfare.

The structure of this paper is organized as follows. Section 1 lays down financial markets
and the asset pricing model. Section 2 solves the lifecycle investment problem and in Section 3
I study how to measure welfare changes under alternative investment policies. Then Section 4
analyzes the conditions under which lifecycle paths become stationary and comparable across
generations. Section 5 explains how to solve PDEs encountered in the previous sections. Ap-
plications of this model are described in Section 6. Finally Section 7 provides some concluding
remarks. A summary of notation is provided in Section A.1.

1 Asset prices and returns

Many investment assets can be understood as claims to future payoffs or to an stream of future
payoffs. For instance bonds are claims to future coupon payments and the principal, stock
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shares are claims to future earning distribution payments and houses are claims to future rent
payments or dwelling rights, which are also valuable. Typically, investors purchase an asset
and collect payoffs until maturity or until they sell again the asset. Obtained returns depend
on the purchase price, on the value of collected payoffs and on the selling price. In turn, the
selling price of an asset depends on its remaining payoff claims and on market expectations.
These payoff processes may be related to one another or to state variables Xt, and capturing
these relations may be critical to understand its return dynamics.

I begin this section explaining the model for financial markets. Then I derive the price to a
future risky payoff, the price to a stream of future risky payoffs and analyze the properties of
price multipliers. Afterwards I derive and analyze return dynamics.

In this economy, there is a state vector process Xt of size nX driven by standard Brownian
motion vector ZX,t of size nZX

where the drift vector µX,t := µX(t,Xt) and diffusion matrix
ΣX,t := ΣX(t,Xt) may also depend deterministically on state Xt and time

dXt =µX,t dt+ ΣX,t dZX,t . (1)

The investment product universe available to individuals comprises the instantaneous risk-
free rate rt and risky assets with cumulative returns given by the vector process At of size nA

with strictly positive components

dAt

At

=µA,t dt+ ΣA,t dZA,t . (2)

The risk free rate rt := r(t,Xt) as well as the assets drift vector µA,t := µA(t,Xt) and diffusion
matrix ΣA,t := ΣA(t,Xt) are deterministic functions of state Xt and time. Returns are driven by
standard Brownian motion vector ZA,t of size nZA

and it is assumed that the inverse covariance

matrix
(
ΣA,tΣ

⊺
A,t

)−1
exists almost surely. There exists a market price of risk vector Λt :=

Λ(t,Xt) of size nZA
, which may depend on state Xt and time, satisfying the no arbitrage

constraint

ΣA,tΛt = µA,t − rt1 (3)

and the pricing kernel Kt := K(t,Xt) of this economy has dynamics

dKt

Kt

=− rt dt− Λ⊺
t dZA,t .

Instantaneous correlation matrices between Brownian motion vectors are denoted by ρ□□

and they correspond to the instantaneous rate of change of quadratic covariation, e.g. d[ZXt , ZA,t] =
ρXA,t dt. In this case, the matrix process ρXA,t := ρXA(t,Xt) of size nZX

× nZA
is assumed to

depend only on time and state Xt.

Brownian motion vectors belong to a filtered probability space satisfying the usual conditions
and control variables are assumed to be adapted to this filtration Ft, ensuring that decisions
at time t consider information available only up to that time. Partial derivatives are expressed
using operators and may omit secondary function arguments, for instance ∂tft = ∂tf(t,Xt)
refers to the partial time derivative and ∂Xft = ∂Xf(t,Xt) to the partial state derivative. Also,
I denote the orthogonal projection matrix of Σ⊺

A,t capturing the degree of market completeness
with

PΣ⊺
A,t

:= Σ⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t.
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Definition 1 (Replicability). Consider a scalar stochastic process φt with dynamics that can
be decomposed in terms of a drift µφ,t := µφ(t,Xt, Ht) and a diffusion term driven by standard
Brownian motion vector Zφ,t of size nZφ with diffusion matrix Σφ,t := Σφ(t,Xt, Ht)

dφt =µφ,t dt+ Σφ,t dZφ,t .

Parameters may refer to some adapted vector process Ht, and the instantaneous correlation
between Brownian motions Zφ,t and ZA,t is denoted by ρφA,t := ρφA(t,Xt). Process φt is said
to be spanned by asset risk factors if process diffusion satisfies

Σφ,t dZφ,t = Σφ,tρφA,t dZA,t . (4)

Additionally process φt is said to be replicable if there exists investment strategy vector ξφ,t :=
ξφ(t,Xt, Ht) that exactly reproduces the diffusion term

Σφ,t dZφ,t =ξ⊺φ,tΣA,t dZA,t

which after substituting its projection ξφ,t =
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
φA,tΣ

⊺
φ,t becomes

Σφ,t dZφ,t =Σφ,tρφA,tPΣ⊺
A,t

dZA,t . (5)

Moreover process φt is said to be self-financing replicable if the replication strategy satisfies

dφt ≤ φtrt dt+ ξ⊺φ,t

(
dAt

At

− rt1 dt

)
. (6)

Lemma 1. A replicable process implies that it is spanned by asset risk factors.

Proof. Computing the quadratic covariation on both sides of (5) with respect to ZA,t yields the
equivalence below, which can be replaced in (5) to obtain (4).

Σφ,tρφA,t =Σφ,tρφA,tPΣ⊺
A,t

Lemma 2. The quadratic variation of processes on each side of (4) are equal if and only if
process φt is spanned by asset risk factors ZA,t. Additionally, the quadratic variation of processes
on each side of (5) are equal if and only if φt is replicable.

Proof. See Section A.2.

Having establish the setting, now I proceed to derive price of claims to future payoffs.

1.1 Price of a payoff claim

Consider the strictly positive scalar payoff process Qt below with time and state dependent
parameters µQ,t := µQ(t,Xt),ΣQ,t := ΣQ(t,Xt). It is driven by standard Brownian motion vec-
tor ZQ,t with time and state dependent instantaneous correlation matrices ρQA,t := ρQA(t,Xt),
ρXQ,t := ρXQ(t,Xt) to previously defined Brownian motion vectors.

dQt = Qt (µQ,t dt+ ΣQ,t dZQ,t) (7)
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Lemma 3 (Terminal payoff price). The price Ω(t,Xt, Qt;T ) at time t of an uncertain payoff
QT to be received at time T is

Ω(t,Xt, Qt;T ) =Et

[
KT

Kt

QT

]
= QtΩ̃(t,Xt;T )

where price multiplier Ω̃(t,Xt;T ) solves the following partial differential equation (PDE)

0 =∂tΩ̃t + Ω̃(t,Xt;T ) (µQ,t − rt − ΣQ,tρQA,tΛt)

+ (∂XΩ̃t)
⊺
(
µX,t + ΣX,t

(
ρXQ,tΣ

⊺
Q,t − ρXA,tΛt

))
+

1

2
tr
(
ΣX,tΣ

⊺
X,t∂XX⊺Ω̃t

)
(8)

with boundary condition Ω̃(T,Xt;T ) = 1, assuming 1 that the price process is spanned by asset
risk factors ZA,t. When asset price Ω(t,Xt, Qt;T ) is replicable (Definition 1), the replicating
strategy is

πΩ,t =
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

ρ⊺XA,tΣ
⊺
X,t∂XΩt + ρ⊺QA,tΣ

⊺
Q,tQt∂QΩt

Ω(t,Xt, Qt;T )

producing the following self-financing portfolio dynamics

dΩt

Ωt

=rt dt+ π⊺
Ω,t

(
dAt

At

− rt1 dt

)
.

Proof. See Section A.3 for the price and Section A.4 for the replicating strategy.

On the technical side, the linear PDE (8) for price multiplier Ω̃(t,Xt;T ) is an instance of
the semi-linear PDE for g(t,Xt) described in Definition 3 and studied in Section 5. The explicit
relationship between them and some additional remarks can be found at the end of Section A.3.

The price Ω(t,Xt, Qt;T ) of a claim to a future payoff in Lemma 3 is the current value of the
payoff process times a state dependent price multiplier Ω̃(t,Xt;T ). The first line of (8) shows
that price multipliers incorporate expectations about payoff trends, the risk free rate discount
and a discount for payoff risk at the market price of risk. On the second line we can see that
price multipliers also incorporate expectations about state trends, their relation to payoffs and
a discount for state risk at the market price of risk.

Lemma 4 (Payoff stream price). The price Υ(t,Xt, Qt;T ) at time t of an uncertain payoff
stream Qt with dynamics (7) from time t to T in terms of Ω̃ from Lemma 3 is

Υ(t,Xt, Qt;T ) =

∫ T

t

Ω(t,Xt, Qt; s) ds = Qt

∫ T

t

Ω̃(t,Xt; s) ds . (9)

When asset price Υ(t,Xt, Qt;T ) is replicable (Definition 1), the replicating strategy is

πΥ,t =
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

ρ⊺XA,tΣ
⊺
X,t∂XΥt + ρ⊺QA,tΣ

⊺
Q,tQt∂QΥt

Υ(t,Xt, Qt;T )
.

and self-financing replicating portfolio dynamics allow distributing a continuous payoff stream
Qt

dΥt =−Qt dt+Υt

(
rt dt+ π⊺

Υ,t

(
dAt

At

− rt1 dt

))
.

1The price is algebraically the same without this assumption, however one could argue that unspanned risk
factors have an undefined price of risk. Without loss of generality, one can explicitly enlarge ZA,t with those
extra risk factors and assign them a zero market price of risk to remove ambiguity.
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Proof. See Section A.5 for the price and Section A.6 for the replication strategy.

The price Υ(t,Xt, Qt;T ) of a payoff stream is the integral of payoff prices over maturities
up to time T . This payoff stream price can be decomposed into the current value of the payoff
process Qt and a state dependent price multiplier integrating the previous Ω̃(t,Xt; s) payoff
price multipliers from Lemma 3 over maturities s ∈ [t, T ].

1.2 Price multiplier stationarity

Asset pricing models typically capture some stylized facts about financial markets or some
hypothesized relationship, while satisfying some restrictions, rational assumptions and main-
taining plausibility with respect to other empirical findings. Examples of financial indicators
and mechanisms include mean reversion of interest rates (Vasicek, 1977) or the dividend yield
(Campbell & Shiller, 1988). With respect to model restrictions, stationarity of price multipliers
is often assumed to rule out rational bubbles in infinite horizons (Blanchard & Watson, 1982).

Many financial indicators are stated in terms of price multipliers or their inverse ratios.
For instance, common stock market indicators include price-to-earnings, price-to-dividend or
the dividend yield. The bond market has the price-to-coupon or the current yield ratio. With
respect to real estate, indicators include the price-to-rent ratio or the rent yield. These financial
indicators are usually constructed keeping some index characteristics fixed but allowing changes
in the underlying constituents. U.S. treasury indicators show the current yield ratio for 2-year,
5-year, 10-year and 30-year constant maturities. Stock market indicators typically show the
price-to-earnings for the largest firms within a sector by market capitalization, and some housing
market indicators capture the average price-to-rent ratio for house sales occurring within a given
geographical area.

Lemma 5 (Price multiplier stationarity). Suppose that market parameters only depend on state
vector process Xt but not on time. Reformulating terminal time T = t + τT,t of PDE (8) in
terms of a reference time horizon τT,t, characterizes a price multiplier Ω̄(τT,t, Xt) with boundary
condition Ω̄(0, Xt) = 1 that depends on the reference time horizon τT,t and state Xt, but not
directly on time. Additionally, suppose that the reference time horizon process τT,t depends only
on the state process Xt or is constant. Then Lemma 3 and Lemma 4 price multipliers are pure
mapping functions of the state process Xt

Ω(t,Xt, Qt;T )

Qt

=Ω̃(t,Xt; t+ τT,t) = Ω̄(τT,t, Xt)

Υ(t,Xt, Qt;T )

Qt

=

∫ τT,t

0

Ω̃(t,Xt; t+ s) ds =

∫ τT,t

0

Ω̄(s,Xt) ds

with pushforward distributions FΩ
Q
,FΥ

Q
mapped from the state cumulative density function FX .

Suppose further that the state process is stationary, i.e. its unconditional path distribution over
any interval [t1, tn] is invariant for any time shift h

X[t1+h,tn+h]
d∼ X[t1,tn] (10)

then by Kallenberg (2021, Lemma 25.1) price multiplier distributions FΩ
Q
,FΥ

Q
are also stationary.

Lemma 5 can be used to model price multipliers based on stationarity assumptions or to
capture stylized facts about financial indicators. Note that arguments in Lemma 5 extend
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naturally to aggregate price multipliers and composites. This can capture assets composed of a
payoff stream and a final payoff, like bonds composed of coupons and a principal, or like houses
composed of rent payments and a residual land value.

1.3 Return dynamics

The value of a portfolio AΩ,t investing in a terminal payoff claim is solely driven by changes in
the price of the claim, so AΩ,t = Ω(t,Xt, Qt;T ) with dynamics

dAΩ,t

AΩ,t

=
dΩ(t,Xt, Qt;T )

Ω(t,Xt, Qt;T )
. (11)

The value of a portfolio AΥ,t investing in a payoff stream with price Υ(t,Xt, Qt;T ) and rein-
vesting intermediate payoffs in an equivalent portfolio since time t0 corresponds to

AΥ,t = Υ(t,Xt, Qt;T ) +

∫ t

t0

Qs
AΥ,t

AΥ,s

ds . (12)

Using Itô’s lemma we can arrive at the return dynamics below, that account for the intermediate
payoffQt received on top of price changes in the payoff stream claim Υ(t,Xt, Qt;T ) for t ∈ [t0, T )

dAΥ,t

AΥ,t

=
Qt

Υ(t,Xt, Qt;T )
dt+

dΥ(t,Xt, Qt;T )

Υ(t,Xt, Qt;T )
. (13)

Return dynamics are more explicitly described in Lemma 6. All asset return dynamics share
the risk free rate rt, the market price of risk Λt and the risk factor dZA,t. They differ only in
the risk premium and risk exposure, which are both proportional to the risk loading of each
asset. Expected payoff growth or state trends do not play a role, returns are only driven by
discount rates.

Lemma 6 (Returns of payoff claims). Return dynamics of investing into a terminal payoff
claim driven by Qt with price Ω(t,Xt, Qt;T ) are

dAΩ,t

AΩ,t

=rt dt+

(
ρ⊺QA,tΣ

⊺
Q,t + ρ⊺XA,tΣ

⊺
X,t

∂XΩ̃t

Ω̃(t,Xt;T )

)⊺

(Λt dt+ dZA,t) (14)

For a payoff stream driven by Qt with price Υ(t,Xt, Qt;T ), return dynamics are

dAΥ,t

AΥ,t

=rt dt+

(
ρ⊺QA,tΣ

⊺
Q,t + ρ⊺XA,tΣ

⊺
X,t

∫ T

t
∂XΩ̃(t,Xt; s) ds∫ T

t
Ω̃(t,Xt; s) ds

)⊺

(Λt dt+ dZA,t) . (15)

and the compounded total return factor of the payoff stream claim for t ∈ [t0, T ) is

AΥ,t

AΥ,t0

=
Υ(t,Xt, Qt;T )

Υ(t0, Xt0 , Qt0 ;T )
e
∫ t
t0

Qs
Υ(s,Xs,Qs;T )

ds
. (16)

Proof. See Section A.7
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2 Dynamic portfolio optimization

Suppose that an individual with initial wealth Wt at time t seeks to maximize expected CRRA
utility (19) with relative risk aversion γ > 0 until time T over Cobb-Douglas consumption
bundles (21). Utility derived from instantaneous consumption bundles is weighted by ε1 ≥ 0,
and terminal consumption is weighted by ε2 ≥ 0. Both types of consumption are discounted
with impatience rate δt := δ(t,Xt), which may depend on time and the state process Xt. The
individual is endowed with an exogenous stream of labor income lasting until time TR ≤ T that
is captured through the payoff process Qt with dynamics (7). Indirect utility is denoted by Jt
and the problem faced by individuals is

J(t,Wt, Xt, Pt, Qt)

=sup
π,c,ϖ∈A

Et

[
ε1

∫ T

t

e−
∫ s
t δqdqu(v(ϖs, cs, Ps, θ̃)) ds+ ε2e

−
∫ T
t δqdqu(v(ϖT ,WT , PT , θ))

]
(17)

s.t. dWt = (Qt1t≤TR
− ct) dt+Wt

(
rt dt+ π⊺

t

(
dAt

At

− rt1 dt

))
(18)

where the utility function

u(x) :=

{
x1−γ

1−γ
if γ ̸= 1

log(x) if γ = 1
(19)

applies over Cobb-Douglas consumption bundles

v(ϖt, ct, Pt, θ) := (ct − ctϖ
⊺
t 1)

1−θ⊺1
nP∏
i=1

(
ctϖi,t

Pi,t

)θi

where ϖ⊺
t 1 ≤ 1.

At every instant, individuals choose their consumption budget ct ≥ 0 and allocate budget frac-
tions ϖt ≥ 0 to dynamically priced products. The vector of budget fractions ϖt is of size nP

and it is restricted to the unit simplex ϖ⊺
t 1 ≤ 1. They take this decision while observing the

stochastic price vector Pt > 0 of size nP . The Cobb-Douglas aggregator captures complemen-
tarities between different products, like housing services or recreation, and features constant
returns to scale. Elasticity to dynamically priced products is given by vector θ̃ ≥ 0 of size nP

for intermediate consumption and θ ≥ 0 for terminal consumption. These vectors capture the
taste for each product and live in the unit simplex θ⊺1 ≤ 1. The remainder of the consumption
budget that was not allocated to dynamically priced products, ct − ctϖ

⊺
t 1, is automatically

allocated to a cash indexed product at an unitary consumption price for which the individual
has a taste elasticity of 1− θ⊺1.

Wealth dynamics reflect the stochastic nature of risky investments (2), the cost of consump-
tion and the inflow of labor income 2 Qt. The fraction of wealth to invest in each risky asset
At is given by decision variable πt of size nA. All control variables πt, ct, ϖt are subject to
some admissibility restriction A, that includes square integrability of Wtπ

⊺
tΣA,t and adapted-

ness of all controls to the filtration Ft. When there is no labor income process, the portfolio is
self-financed.

The consumption price vector Pt > 0 is assumed to follow a stochastic process where the
drift vector µP,t := µP (t,Xt) and the diffusion matrix ΣP,t := ΣP (t,Xt) may depend on state Xt

2The labor income process Qt of this section has the same dynamics as the payoff process in (7), but allows
the shorthand notation Qt = 0 to remove this component from the model.
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and time. It is driven by standard Brownian motion vector ZP,t with time and state dependent
correlation matrices ρPA,t := ρPA(t,Xt), ρXP,t := ρXP (t,Xt), ρPQ,t := ρPQ(t,Xt) to previously
defined Brownian motion vectors.

dPt

Pt

=µP,t dt+ ΣP,t dZP,t

Remark 1. Compared to Liu (2007), my model can incorporate human capital with stochastic
labor income Qt and consumption bundles with stochastic product prices Pt. These components
have been used together in Kraft and Munk (2011), but my model allows for a shared state
process Xt between income Qt, product prices Pt and risky asset returns At that goes beyond
the risk free interest rate rt.

Assuming that admissibility does not place additional restrictions on consumption allo-
cation ϖt, the consumption allocation decision can be optimized separately. Utility (19) is
monotonically increasing in the amount of consumption bundles, therefore individuals pre-
fer consumption allocations that maximize the amount of equivalent consumption bundles,
v(ct, Pt, θ) := supϖt

v(ϖt, ct, Pt, θ).

v(ct, Pt, θ) = sup
ϖt∈R

nP
+

(ct − ctϖ
⊺
t 1)

1−θ⊺1
nP∏
i=1

(
ctϖi,t

Pi,t

)θi

such that ϖ⊺
t 1 ≤ 1 (20)

Lemma 7 (Explicit consumption bundle). The explicit solution to the consumption allocation
problem (20) is

v(ct, Pt, θ) =
ct
P ⋆
θ,t

with P ⋆
θ,t = e−(1−θ⊺1) log(1−θ⊺1)−θ⊺ log(θ)+θ⊺ log(Pt) (21)

where the optimal budget fraction allocated to each product type i is

ϖi,t =θi

and to cash indexed consumption is

1−ϖ⊺
t 1 =1− θ⊺1.

Proof. See Section A.8

As shown in Lemma 7, optimal consumption budget allocation depends only on taste pa-
rameter θ but this should not be confused with the amount of products consumed. For product
i, the number of units to consume ctθi

Pi,t
is inversely proportional to its price Pi,t. The stochastic

consumption prices vector Pt of size nP makes the composition of the chosen bundle dynamic
over time. In a dynamic setting consumption prices Pt change with time, hence the lowest
attainable price of a consumption bundle P ⋆

θ,t also varies with time.

With the solution to the consumption allocation problem Lemma 7, the lifetime decision
problem (17) can then be reformulated only in terms of investment fraction πt and consumption
budget ct decision variables with the same portfolio dynamics as in (18)

J(t,Wt, Xt, Pt, Qt)

=sup
π,c∈A

Et

[
ε1

∫ T

t

e−
∫ s
t δqdqu(v(cs, Ps, θ̃)) ds+ ε2e

−
∫ T
t δqdqu(v(WT , PT , θ))

]
. (22)
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Before solving the lifecycle problem, let me introduce the mean-variance efficient portfolio,
which also maximizes expected logarithmic growth. It is optimal only in some of the simplest
settings, since it ignores many important problem variables. However it will help us to better
understand the solution to this lifecycle investment problem.

Remark 2 (Mean-variance efficient portfolio). Consider the self-financing Ãt portfolio with
dynamics

dÃt

Ãt

= rt dt+ π̃⊺
t

(
dAt

At

− rt1 dt

)
following the adapted investment strategy π̃t =

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1). Assuming that this

strategy is square integrable, it maximizes expected logarithmic growth and mean-variance re-
turns

sup
π̃t

Et

[
d log

(
Ãt

)]
=sup

π̃t

Et

[
rt dt+ π̃⊺

t

(
dAt

At

− rt1 dt

)]
− 1

2
d[π̃⊺

tΣA,t, π̃
⊺
tΣA,t]

=

(
rt +

1

2
Λ⊺

tPΣ⊺
A,t
Λt

)
dt

where the resulting expected return is reformulated using the no-arbitrage constraint (3).

Proposed solutions are based on the dynamic programming principle. When applying this
method, I implicitly assume that indirect utility is finite, once differentiable in time, twice
differentiable in remaining arguments and both increasing and concave in wealth. Uniqueness
of solutions is not addressed, and existence only is as much closed-form solutions from Section 5
can reach. Thus the solutions obtained through dynamic programming in this paper may be
regarded formally as candidate solutions.

Admissibility should also rule out the possibility of financing consumption through debt
bubbles resulting in unlimited expected utility, which can easily happen when the lack of
terminal utility ε2 = 0 dilutes the financial consequences of debt. These cases require of a
transversality restriction analogous to that of Remark 6, which is studied at the end of this
section.

Proposition 1 (Dynamic portfolio optimization). The Hamilton-Jacobi-Bellman (HJB) equa-
tion associated to dynamic portfolio optimization problem (22) is given in (A.14). Assume that
admissibility restrictions other than adaptedness are not locally binding around optimal paths
and that indirect utility is increasing and concave in wealth, giving rise to interior solutions.
Optimal consumption and investment are given by

c⋆t =ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ
(∂WJt)

− 1
γ (23)

π⋆
t =

((
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

+
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t∂X log(∂WJt)

+
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t diag(Pt)∂P log(∂WJt)

+
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
QA,tΣ

⊺
Q,tQt∂Q log(∂WJt)

)
−Wt (∂W log(∂WJt))

. (24)

where ∂X log(∂WJt) =
∂WXJt
∂W Jt

, indirect utility J(t,Wt, Xt, Pt, Qt) is the solution to PDE (A.15)
and P ⋆

θ̃,t
is defined in (21).

10



Proof. See Section A.10 for the proof and the indirect utility PDE.

The optimal investment fraction (24) from Proposition 1 has four distinct components:
speculative demand to the mean-variance efficient portfolio from Remark 2 on the first line,
hedging demand against changes in stateXt on the second line, hedging demand against changes
in consumption prices Pt on the third line and hedging demand against changes in labor income
Qt on the fourth line. Hedging demand terms start by projecting the state Xt, price Pt or
labor income Qt risk factors against market assets At, resembling slope coefficients from an
ordinary least squares (OLS). They hedge against state Xt, price Pt and labor income Qt

changes in proportion to the elasticity with respect to the marginal utility of saving ∂WJt. In
the denominator, elasticity with respect to wealth captures the concavity of the problem. This
elasticity can be interpreted as the effective relative risk aversion with respect to indirect utility,
which coincides with γ in the renowned Merton (1971) problem without human capital. The
investment policy πt is expressed in relative terms as it is customary in this literature, however
note that the problem is technically not well defined if Wt = 0 is possible. This undeterminacy
disappears when the investment problem is controlled in terms of nominal exposure Wtπt and
the relative parametrization πt is regarded as merely illustrative.

Optimal instantaneous consumption (23) decreases in the marginal utility of saving ∂WJt.
The direct effect of price P ⋆

θ̃,t
on the consumption budget is positive for γ > 1 and negative for

γ < 1, however the net effect is unclear at this stage since marginal utility of saving ∂WJt is
also affected by prices and can cancel out.

Proposition 2 (Solution to portfolio optimization). Indirect utility from Proposition 1 can be
decomposed as

J(t,Wt, Xt, Pt, Qt) =
(Wt +Υ(t,Xt, Qt))

1−γ

1− γ
f(t,Xt, Pt)

γ (25)

where f(t,Xt, Pt) is the solution to PDE (A.19) and human capital Υ(t,Xt, Qt) coincides with
Lemma 4, making the optimal policy equal to

c⋆t =ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ Wt +Υ(t,Xt, Qt)

f(t,Xt, Pt)
(26)

π⋆
t =

(
ΣA,tΣ

⊺
A,t

)−1 (µA,t − rt1)

γ

Wt +Υt

Wt

+
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

(
ρ⊺XA,tΣ

⊺
X,t∂X log(ft) + ρ⊺PA,tΣ

⊺
P,t diag(Pt)∂P log(ft)

)Wt +Υt

Wt

−
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

ρ⊺XA,tΣ
⊺
X,t∂XΥt + ρ⊺QA,tΣ

⊺
Q,tΥt

Wt

. (27)

For this decomposition to hold, either there is no labor income Qt = 0 making Υ(t,Xt, Qt) = 0
or markets have to be complete enough to make Υ(t,Xt, Qt) replicable.

The solution to f(t,Xt, Pt) corresponds to

f(t,Xt, Pt) =ε
1
γ

2

(
P ⋆
θ,t

)1− 1
γ h(t,Xt;T, θ) + ε

1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ

∫ T

t

h(t,Xt; s, θ̃) ds (28)

when either there is no intermediate consumption ε1 = 0, γ → 1, markets are complete enough
to make f(t,Xt, Pt) replicable or θ̃ = θ with markets complete enough to make (∂Xft)

⊺ΣX,t dZX,t

replicable. h(t,Xt;T, θ) refers to the solution of PDE (A.21).

11



Proof. See Section A.11

Regarding technical aspects, PDE (A.21) for h(t,Xt;T, θ) is an instance of the semi-linear
PDE for g(t,Xt) described in Definition 3 and studied in Section 5. The explicit relationship
between them and some additional remarks can be found at the end of Section A.11.

Optimal consumption (26) in Proposition 2 is in line with the permanent income hypoth-
esis. Consumption is proportional to total wealth Wt + Υt and inversely proportional to the
subjective consumption bundle annuity portfolio f(t,Xt, Pt). Total wealth includes a human
capital component Υ(t,Xt, Qt;TR) that capitalizes the labor income stream Qt.

The optimal investment fraction (27) has a speculative component on the first line that is
directly proportional to the mean-variance efficient portfolio and inversely proportional to risk
aversion. Projections of subjective annuity portfolio ft sensitivities against state Xt and prices
Pt on the second line constitute hedging demand. Even though this investment policy hedges
consumption prices Pt, the policy itself does not depend on price levels when θ = θ̃ as can be
verified by substituting (28). Projections of human capital Υt sensitivities against state Xt and
prices Pt on the third line are offsets compensating the builtin exposure originating from Υt,
hence the negative sign.

Taking derivatives on both sides of (25) with respect to total wealth and rearranging terms,

∂WJt = ∂vu(vt)|vt=Wt+Υt
ft

= ε1∂c u(v(ct, Pt, θ))|ct= Wt+Υt

∫T
t h(t,Xt;s,θ̃)ds+( ε2

ε1 )
1
γ

P⋆
θ,t

P⋆
θ̃,t

1− 1
γ

h(t,Xt;T,θ)

one can see f(t,Xt, Pt) as the value of a subjective consumption bundle annuity portfolio.
This annuity portfolio is risky and takes into account risk preferences, impatience, elasticity to
different products, price levels, market price of risks and parameters governing those dynamics.
When markets are complete, h(t,Xt;T, θ) is the price multiplier for the payoff described in
Remark 3.

Remark 3. When markets are complete enough to replicate f(t,Xt, Pt) and h(t,Xt;T, θ),
the solution h(t,Xt;T, θ) to PDE (A.21) in Proposition 2 coincides with the price multiplier
Ω̃(t,Xt;T ) in Lemma 3 for the claim to payoff Q̂T

Q̂T =Q̂t

(
e−

∫ T
t δsds

ÃT

Ãt

) 1
γ
(
P ⋆
θ,T

P ⋆
θ,t

)1− 1
γ

.

Proof. See Section A.12

Remark 4 (Annuities and consumption under optimal policy). In Proposition 1, wealth under
the optimal policy evolves such that the number of subjective annuities at t ∈ [t0, T ) corresponds
to

Wt +Υt

ft
=
Wt0 +Υt0

ft0

(
e
−
∫ t
t0

δsds Ãt

Ãt0

) 1
γ

exp

∫ t

t0

dζ̃1−γ
s

ζ̃1−γ
s

−
∫ t

t0

dζ1−γ
s

ζ1−γ
s

1− γ

 (29)

making the bundle consumption rate v⋆t = v(c⋆t , Pt, θ̃) equal to

v⋆t =v⋆t0

(
e
−
∫ t
t0

δsds
P ⋆
θ̃,t0

P ⋆
θ̃,t

Ãt

Ãt0

) 1
γ

exp

∫ t

t0

dζ̃1−γ
s

ζ̃1−γ
s

−
∫ t

t0

dζ1−γ
s

ζ1−γ
s

1− γ

.
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where and Ãt is the mean-variance efficient portfolio from Remark 2, the exponential term on

the right tends to ζ̃t
ζ̃t0

ζt0
ζt

as γ → 1 and the process pair ζt, ζ̃t captures the degree of market

incompleteness for f(t,Xt, Pt)

dζt
ζt

=(∂X log(ft))
⊺ΣX,t dZX,t + (∂P log(ft))

⊺ diag(Pt)ΣP,t dZP,t

dζ̃t

ζ̃t
=((∂X log(ft))

⊺ΣX,tρXA,t + (∂P log(ft))
⊺ diag(Pt)ΣP,tρPA,t)PΣ⊺

A,t
dZA,t. (30)

Proof. See Section A.13.

The bundle consumption rate formula in Remark 4 shows explicitly how it decreases with
impatience, decreases with prices and increases with cumulative returns of the mean-variance
efficient portfolio in a proportion inverse to risk aversion γ, up to a process pair capturing
market incompleteness. The number of lifetime annuities (29), that is the ratio of total wealth
to the annuity portfolio value, decreases over time with the impatience rate and increases with
the cumulative returns of the mean-variance efficient portfolio in a proportion inverse to risk
aversion γ, up to the market incompleteness process pair. In case of extreme risk aversion and
complete markets, the bundle consumption rate and the number of lifetime annuities become
constant (Remark 5).

Remark 5 (Extreme risk aversion). Extreme risk aversion γ → ∞ when markets are complete
enough to make f(t,Xt, Pt) replicable makes the bundle consumption rate v(c⋆t , Pt, θ̃) and the
number of lifetime annuities in Remark 4 constant

v(c⋆t , Pt, θ̃) =
Wt +Υ(t,Xt, Qt;TR)

f(t,Xt, Pt)
=

Wt0 +Υ(t0, Xt0 , Qt0 ;TR)

f(t0, Xt0 , Pt0)
.

Similar to Merton (1971), the lifecycle objective with a random terminal time is under
certain conditions equivalent to an infinite horizon objective with an increased impatience rate
as explained in Remark 6.

Remark 6 (Random terminal time). Suppose that there is only intermediate consumption
ε1 = 1, ε2 = 0 and that instead of terminal time T there is a random stopping time τ given by
the first arrival of a Poisson process with state dependent hazard rate λT,t := λT (t,Xt). Assume
that each possible hazard rate path λT,[t,∞] satisfies

λT,s ≥ 0 ∀s ≥ t and

∫ ∞

t

λT,s ds = ∞. (31)

and also that the intermediate utility integral below converges to a finite value for the optimal
policy under each possible hazard rate path λT,[t,∞]∫ ∞

t

E
[
e−

∫ s
t δqdqu(v(cs, Ps, θ̃))|Ft, λT,[t,∞]

]
ds . (32)

Then the expectation over discounted intermediate utility for the optimal policy conditional on
the individual having survived up to time t is equivalent to

Et

[∫ τ

t

e−
∫ s
t δqdqu(v(cs, Ps, θ̃)) ds

]
= Et

[∫ ∞

t

e−
∫ s
t (λT,q+δq)dqu(v(cs, Ps, θ̃)) ds

]
.

13



Proof. See Section A.9

The most important condition for Remark 6 is (32). It can be related to the dilution of
financial consequences upon sudden termination or in infinite horizon settings, because they
could induce some pathological behavior and make the problem not well defined. For the stated
equivalence to hold, expected discounted utility in (32) should remain finite for the optimal
policy subject to admissibility constraints under each possible hazard rate path. This condition
is still compatible with lax admissibility constraints that allow individuals to leave a negative
wealth balance with positive probability upon death, but the equivalence holds only when
individuals cannot exploit this peculiarity to obtain unlimited expected utility.

When considering a random terminal stopping time τ with labor income Qt ̸= 0, wealth
dynamics (18) should condition receiving the labor income stream Qt on not having reached
retirement TR and not having reached terminal time τ , replacing the previous labor income
term with Qt1t≤(TR∧τ). This means that Proposition 1 and Proposition 2 do not apply to the
problem transformed in Remark 6 when Qt ̸= 0.

3 Welfare changes

To measure welfare changes in this framework, I propose to use an equivalent initial wealth
(EW) concept in line with Kraft and Munk (2011) instead of certainty equivalent terms. Using
certainty equivalents is customary in the financial literature but it poses some problems in this
specific setting. Asking for a certain amount of money as compensation to remove investment
risk leaves unaddressed the issue of consumption price risk and the utility derived from con-
sumption. Consumption prices can change from the beginning to the end of the investment
horizon. If markets are incomplete and prices cannot be completely hedged, terminal consump-
tion derived from a certain compensation amount is uncertain making certainty equivalents
undefined. The equivalent initial wealth concept imposes weaker restrictions and asks for the
certain compensation amount needed to replace one investment strategy with another while
providing an equivalent level of expected utility.

Definition 2 (Equivalent initial wealth). The equivalent initial wealth EW is the minimum
amount of initial wealth W̃ at time t needed to compensate the substitution of the lottery asso-
ciated to investment strategy π over initial wealth Wt by the forced choice of investment strategy
π̄ for an individual with expected utility given by U(t,Wt; π) given some adapted vector process
Ht.

EW(t,Wt, Ht; π, π̄) = min
W̃

W̃

s.t. U(t, W̃ ,Ht; π̄) ≥ U(t,Wt, Ht; π). (33)

Lemma 8 (Equivalent initial wealth). Suppose that the expected utility U(t,Wt, Ht; π) is, for
any π, continuous and strictly monotonically increasing in initial wealth Wt, and the range of
the function does not depend on π. Then the equivalent initial wealth in the sense of Definition 2
corresponds to

EW(t,Wt, Ht; π, π̄) = (U(t, ·, Ht; π̄))
−1 (U(t,Wt, Ht; π)) . (34)

Proof. See Section A.16
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Lemma 9 (Expected utility without consumption or human capital). Suppose that Ht =
(X⊺

t , P
⊺
t )

⊺ and that an individual applies investment strategy π, which is not necessarily op-
timal and depends only on time and state Xt. Assuming that there is no labor income Qt = 0
or consumption ε1 = 0, ε2 = 1, expected utility is

U(t,Wt, Xt, Pt; π) =
W 1−γ

t

1− γ
f(t,Xt, Pt; π)

γ

where

f(t,Xt, Pt; π) =
(
P ⋆
θ,t

)1− 1
γ h(t,Xt;T, θ, π)

and h(t,Xt;T, θ, π) solves PDE (A.34).

Proof. See Section A.17

PDE (A.34) for h(t,Xt;T, θ, π) is an instance of the semi-linear PDE for g(t,Xt) described
in Definition 3 and studied in Section 5. The explicit relationship between them and some
additional remarks can be found at the end of Section A.17. Substituting π⋆

t from (27) into
PDE (A.34) coincides with PDE (A.21) for h(t,Xt;T, θ) from Section 2 after applying previously
invoked assumptions. When evaluating time-dependent investment strategies π and under
appropriate conditions, Corollary 3 on forthcoming Section 5 will be useful to isolate and solve
time dependent terms separately on this PDE.

Corollary 1 (Equivalent initial wealth with incomplete dynamic markets). Assuming that
there is no labor income Qt = 0 or consumption ε1 = 0, ε2 = 1, the equivalent initial wealth
EW is

EW(t,Wt, Xt; π, π̄) =Wt

(
h(t,Xt;T, θ, π)

h(t,Xt;T, θ, π̄)

) γ
1−γ

.

Proof. Straightforward application of Lemma 8 to expected utility from Lemma 9.

Measuring welfare changes in terms of equivalent wealth growth rates as proposed below
facilitates comparability. It captures how the compensation multiplier grows with the time
horizon. This unit has the same interpretation for any time horizon and is comparable across
different wealth levels.

Equivalent wealth growth =
1

T − t
log

(
EW(t,Wt, Xt; π, π̄)

Wt

)
Assuming that human capital markets are complete enough, this welfare measure generalizes
to total wealth W ′

t = Wt +Υt when investment strategies π and π̄ operate over total wealth or
are appropriately converted to do so.

4 Stationarity

In this section I argue that lifecycle paths of specific individuals or heterogeneous populations
are comparable across different generations under certain stationary conditions. Individuals,
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like their ancestors, enter the workforce with little financial wealth in comparison to salary and
consumption price levels. They work until retirement receiving some exogenous income and
accumulate enough savings to maintain their consumption capacity during retirement. During
their lifetime, they also take advantage of investment opportunities.

To make this comparison possible, I argue in favor of normalizing the consumption bun-
dle by the purchasing power of the reference or “typical” income at each point in time. By
construction, this normalization should not meaningfully affect consumption price categories
that increase proportionally to salaries, including labor intensive services and scarce goods with
prices determined by aggregate purchasing power when this is related to reference income lev-
els. Housing, education and health care are good examples and they constitute large shares of
household consumption budgets. For remaining consumption categories, this argument implies
that people derive utility in comparison to the quantity that the reference income can afford.
Some reasons to “keep up with the Joneses” may originate from a desire to socialize on equal
terms, or from a desire to provide for their families and children according to society norms. In
this setting individuals feel entitled to contemporaneous productivity enhancements and suffer
disutility if they are left behind in terms of technological progress.

Suppose that there is a common factor Yt shared among optimal consumption bundle prices,
the labor income process, and initial wealth

P ⋆
θ,t = Yte

νP⋆
θ
,t P ⋆

θ̃,t
= Yte

νP⋆
θ̃
,t

Qt = Yte
νQ,t Wt0 = Yt0e

νWt0

where log wedges νP ⋆
θ ,t

:= νQ(Xt), νP ⋆
θ̃
,t := νP ⋆

θ̃
(Xt) may only depend on state Xt, νQ,t :=

νQ(t − t0, Xt) may only depend on age t − t0 and state Xt and νWt0
:= νWt0

(Xt0) may only
depend on initial state Xt0 . The strictly positive reference scalar process Yt can be interpreted
as the average income process in a certain region and serves as cointegration factor for life-
cycle processes. It is modelled to have state dependent drift µY,t := µY (Xt) and diffusion
matrix ΣY,t := ΣY (Xt) driven by a standard Brownian motion vector ZY,t with instantaneous
correlations ρY A,t := ρY A(Xt) and ρXY,t := ρXY (Xt) to previously defined Brownian motion
vectors

dYt

Yt

=µY,t dt+ ΣY,t dZY,t .

Further assume that rt = r(Xt), µX,t = µX(Xt), ΣX,t = ΣX(Xt), µA,t = µA(Xt), ΣA,t = ΣA(Xt)
and ρXA,t = ρXA(Xt) are purely dependent on state Xt while δt = δ(t−t0, Xt) may only depend
on age t− t0 and state Xt. Then under the following reparametrization

c̃t =
ct
Yt

W̃t =
Wt

Yt

τT,t = (T − t0)− (t− t0) τR,t = (TR − t0)− (t− t0),

the portfolio optimization problem (22) becomes

J(t− t0, W̃t, Xt)

= sup
π,c̃∈Ã

Et

[
ε1

∫ τT,t

0

e−
∫ s
0 δt+qdqu(c̃t+se

−νP⋆
θ̃
,t+s

) ds+ ε2e
−
∫ τT,t
0 δt+qdqu(W̃t+τT,t

e
−νP⋆

θ
,t+τT,t )

]
s.t. dW̃t =

(
eνQ,t1τR,t≥0 − c̃t

)
dt

+ W̃t

((
rt + ΣY,tΣ

⊺
Y,t

)
dt− dYt

Yt

+ π⊺
t

(
dAt

At

−
(
rt1+ ΣA,tρ

⊺
Y A,tΣ

⊺
Y,t

)
dt

))
(35)

where admissibility A is assumed to have an equivalent formulation Ã in terms of W̃t, c̃t, Xt,
πt and t− t0 without needing direct references to Wt, ct or t.
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Theorem 1 (Stationary lifecycle paths). Assuming that state, asset return increment and
reference process increment paths are stationary, i.e. the unconditional distribution over any
interval [t1, tn] is invariant for any time shift h{

X[t1,tn],∆ZA,[t1,tn],∆ZY,[t1,tn]

} d∼
{
X[t1+h,tn+h],∆ZA,[t1+h,tn+h],∆ZY,[t1+h,tn+h]

}
, (36)

then the paths of lifecycle processes below associated to problem (35) are also stationary

W̃t, π
⋆
t , W̃tπ

⋆
t , c̃

⋆
t ,

c⋆t
P ⋆
θ̃,t

, Jt,
Qt

Yt

,
P ⋆
θ,t

Yt

,
P ⋆
θ̃,t

Yt

. (37)

This holds also under relaxed assumptions allowing parameters τT,t0, τR,t0, γ, θ, θ̃, ε1, ε2 to
depend on Xt0, or when modelling τT,t, τR,t as random stopping times given by the first arrival
since t0 of their respective Poisson process with non-negative hazard rate process λT,t := λT (t−
t0, Xt) for τT,t and λR,t := λR(t− t0, Xt) for τR,t dependent on age t− t0 and state Xt.

Proof. See Section A.14

For these investors the reference process Yt and cointegrated processes Qt, P
⋆
θ,t, P

⋆
θ̃,t

become

natural numéraires. Lifecycle paths can be conviently compared when expressing wealth in years
of reference income saved W̃t and consumption rates in proportion to the reference income c̃⋆t .

Lifecycle paths even become deterministic under Corollary 2 when risk aversion is extreme,
product elasticities of intermediate and terminal consumption coincide θ̃ = θ, markets are
complete and there is no state process Xt.

Corollary 2 (Deterministic lifecycle processes under extreme risk aversion). Assuming there is

no state process Xt, ratios
P ⋆
θ,t

Yt
,
P ⋆
θ̃,t

Yt
become constant and additionally, under Remark 5 conditions

of the extreme risk aversion and complete markets plus the condition θ̃ = θ, problem (35) yields
deterministic processes

W̃t, Jt,
Qt

Yt

,
ft
Yt

,
Υt

Yt

.

with constant c̃⋆t ,
c⋆t
P ⋆
θ̃,t

and constant investment fraction π⋆
t hedging completely against Yt

π⋆
t =(ΣAΣ

⊺
A)

−1ΣAρ
⊺
Y AΣ

⊺
Y .

Proof. See Section A.15.

5 Solving semi-linear PDEs

As seen in previous sections, the dynamics of this model depend on a particular type of semi-
linear PDEs defined in Definition 3. The methodology used to reduce this type of semi-linear
PDEs into a system of Riccati ODEs and to solve them is based on Kim and Omberg (1996),
Wachter (2002) and Liu (2007) with some additional extensions. Solving these PDEs is based
on repeated separation of the main semi-linear PDE into two semi-linear PDEs of the same
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type with reduced state spaces (Lemma 10). If the PDE admits a log-quadratic representation,
it can be reduced to a system of coupled Riccati ordinary differential equations (ODEs) as
explained in Lemma 11 with closed form solutions detailed in Section A.22. When imposing
quadratic and affine structures, the Riccati ODEs include as special cases those of zero-coupon
bond prices with quadratic term structures from Ahn et al. (2002). Existence of solutions is
proven only as far as those closed form solutions can reach, while uniqueness is not addressed.
In general a solution may not exist, or exist only under some conditions, like a time horizon
smaller than some threshold. That said, these kind of PDEs are well known in the finance
literature.

Definition 3 (Semi-linear PDE). The partial differential equation (PDE) for g(t,Xt) with
boundary condition g(T,Xt) and dynamic coefficients Rt := R(t,Xt) as a scalar, Bt := B(t,Xt)
of size nX , Ct := C(t,Xt) symmetric of size nX × nX and Dt := D(t,Xt) symmetric of size
nX × nX

0 =∂tgt + gtRt + (∂Xgt)
⊺Bt +

1

2

(∂Xgt)
⊺ (Ct −Dt) ∂Xgt
g(t,Xt)

+
1

2
tr (Dt∂XX⊺gt) . (38)

My main contribution compared to Liu (2007) is to separate these semi-linear PDEs allowing
for the off-diagonal terms in Ct, Dt and asymmetries explained in Lemma 10, which also expands
the range of analytic solutions to the Riccati ODEs in Lemma 11. These enhancements allow
under certain conditions to solve the pricing PDE (8) for Ω̃(t,Xt;T ) (Lemma 3), the stochastic
control PDE (A.21) for h(t,Xt;T, θ) (Proposition 2) and the expected utility PDE (A.34)
for h(t,Xt;T, θ, π) (Lemma 9) in a setting where state components are related to each other
and have non-diagonal covariance matrices. Note that parameters Ct, Dt comprise the state
covariance matrix ΣX,tΣ

⊺
X,t and its market projection ΣX,tρXA,tPΣ⊺

A,t
ρ⊺XA,tΣ

⊺
X,t in PDE (A.21)

for h(t,Xt;T, θ). Also Corollary 3 allows to isolate time dependents easily, which is very useful
to evaluate time dependent investment strategies in PDE (A.34) for h(t,Xt;T, θ, π) .

Lemma 10 (Semi-linear PDE separation). Suppose that in PDE (38) described in Definition 3
there are two state subsets Xt = (X⊺

1,t, X
⊺
2,t)

⊺ such that the boundary condition admits the
following split product structure g(T,Xt) = g1(T,X1,t)g2(T,X2,t) and that dynamic coefficients
can be decomposed as follows

Rt = R1,t +R2,t Bt =

(
B1,t

B2,t + B̂1,t

)
Ct =

(
C1,t C̃1,t

C̃⊺
1,t C2,t + Ĉ1,t

)
Dt =

(
D1,t D⋆,t

D⊺
⋆,t D2,t + D̂1,t

)
(39)

where D⋆,t := D⋆(t,Xt) is unrestricted but Ri,t := Ri(t,Xi,t), Bi,t := Bi(t,Xi,t), B̂i,t :=

B̂i(t,Xi,t), Ci,t := Ci(t,Xi,t), Ĉi,t := Ĉi(t,Xi,t), C̃i,t := C̃i(t,Xi,t), Di,t := Di(t,Xi,t) and

D̂i,t := D̂i(t,Xi,t) for i ∈ {1, 2} may depend only on their state indicator Xi,t or time. When
satisfying

1. Conditional log-linearity. Either ∂X2 log g2,t does not depend on X2,t or B̂1,t, Ĉ1,t, C̃1,t are
zero.

2. Conditional log-quadraticity. Either ∂X2X
⊺
2
log g2,t does not depend on X2,t or D̂1,t is zero.

then the solution to PDE (38) can be decomposed into

g(t,X) =g1(t,X1,t)g2(t,X2,t) (40)
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where g2(t,X2,t) solves the next PDE with boundary condition g2(T,X2,t)

0 =∂tg2,t + g2,tR2,t + (∂X2g2,t)
⊺B2,t +

1

2

(∂X2g2,t)
⊺(C2,t −D2,t)∂X2g2,t
g2(t,X2,t)

+
1

2
tr
(
D2,t∂X2X

⊺
2
g2,t
)

(41)

and g1(t,X1,t) solves this other PDE with boundary condition g1(T,X1,t)

0 =∂tg1,t + g1,t

(
R1,t + (∂X2 log g2,t)

⊺B̂1,t +
1

2
(∂X2 log g2,t)

⊺Ĉ1,t∂X2 log g2,t

+
1

2
tr
(
D̂1,t∂X2X

⊺
2
log g2,t

))
+ (∂X1g1,t)

⊺
(
B1,t + C̃1,t∂X2 log g2,t

)
+

1

2

(∂X1g1,t)
⊺(C1,t −D1,t)∂X1g1,t
g1(t,X1,t)

+
1

2
tr
(
D1,t∂X1X

⊺
1
g1,t
)
.

(42)

Note that PDEs (41) (42) are in turn semi-linear PDEs of the same type as (38) described in
Definition 3 and the separation procedure may be applied repeatedly as long as the aforemen-
tioned conditions hold.

Proof. See Section A.18.

Corollary 3 (Time separation). Invoking Lemma 10 with an empty state partition X1,t reduces
(42) to an ODE for g1(t) with solution

g1(t) =g1(T ) exp

(∫ T

t

(
R1,s + (∂X2 log g2,s)

⊺B̂1,s +
1

2
(∂X2 log g2,s)

⊺Ĉ1,s∂X2 log g2,s

+
1

2
tr
(
D̂1,s∂X2X

⊺
2
log g2,s

))
ds

)
.

Proof. See Section A.19

Lemma 11 (Semi-linear PDE to Riccati ODEs). The semi-linear PDE from Definition 3 can
be reduced to a system of Riccati ordinary differential equations (ODEs) under some restrictions
as detailed in Section A.21, and when these Riccati equations satisfy a diagonal strucutre, they
can be solved in closed form as detailed in Section A.22.

6 Applications

Below I give some examples of models with analytic PDE solutions. This paper retains full
compatibility with Liu (2007) quadratic and affine models, including closed form solutions cover
the case of stochastic price of risk and the stochastic volatility model with a market price of
risk proportional to volatility. These models yield quadratic building blocks for h(t,Xt;T, θ)
described in Section A.11 in relation to Proposition 2.
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Housing and income cointegration In Garćıa (2026) I model how lifecycle investing is
affected by cointegration between housing rent and income processes. The state process Xt

has Ornstein-Uhlenbeck dynamics and comprises a mean reverting housing cycle component
embedded in rent prices Pt, income Qt and housing prices ΥH,t

µX,t =αX − βX ⊙Xt.

Assuming that other parameters are constant, the following building blocks are linear in Xt

µX,t =αX − βX ⊙Xt

µP,t =αP + βPXt

µQ,t =αQ + βQXt,

and remaining building blocks are constant. All building blocks containing covariance and
correlation terms, e.g. ΣX , ΣA or ρXA, can be have off-diagonal elements. House prices ΥH,t

understood as the market value of future rents Pt depend on the housing cycle Xt, however the
return dynamics for investing in housing At do not depend on stateXt since Ornstein-Uhlenbeck
processes have constant volatility. This model would remain equally tractable if extended with
a stochastic short-term risk-free rate

rt =αr + βrXt.

Stochastic market price of risk Similar to Kim and Omberg (1996), Wachter (2002) and
Liu (2007), there is a stochastic market price of risk vector

Λt =αΛ + βΛXt

where state Xt is an Ornstein-Uhlenbeck process with mean reverting dynamics

µX,t =αX − βXXt.

Assuming that other parameters are constant, the following building blocks are linear in Xt

µX,t =αX − βXXt

ΣPρPAPΣ⊺
A
Λt =ΣPρPAPΣ⊺

A
(αΛ + βΛXt)

ΣXρXAPΣ⊺
A
Λt =ΣXρXAPΣ⊺

A
(αΛ + βΛXt) ,

this one is quadratic

Λ⊺
tPΣ⊺

A
Λt =α⊺

ΛPΣ⊺
A
αΛ + 2α⊺

ΛPΣ⊺
A
βΛXt +X⊺

t β
⊺
ΛPΣ⊺

A
βΛXt,

and remaining building blocks are constant. Closed form solutions from Section A.22 become
applicable when ΣX ,ρXA,ΣA,βΛ,βX are diagonal.

Heston (1993) stochastic volatility An interesting example in Liu (2007) features stochas-
tic volatility with market price of risk proportional to volatility. I extend this model to the
case where both asset returns and consumption prices share a common volatility component
with possibly different loadings. This could capture for instance a shared volatility component
in both housing rents and housing investment returns. However the case of Liu (2007) with
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stochastic volatility only in asset returns is still solvable in closed form when returns are inde-
pendent from consumption price changes, or consumption prices are constant. The diffusion
matrix for risky investment returns and the market price of risk are

ΣA,t =diag
(√

Xt

)
Λt =Σ⊺

A,tΛ̄.

The state Xt process captures the variance of asset returns and it follows a mean reverting
Cox-Ingersoll-Ross process with

µX,t =αX − βX ⊙Xt

ΣX,t =diag
(
LX ⊙

√
Xt

)
.

The Feller condition 2αX ≥ L2
X guarantees that all components are strictly positive. Assuming

that ρPA, ρXA, ρXP are constant diagonal matrices and that volatility of consumption prices
corresponds to

ΣP,t =diag
(
LP ⊙

√
Xt

)
,

the following building blocks become linear in state Xt

µX,t =αX − βX ⊙Xt

Λ⊺
tPΣ⊺

A,t
Λt =(Λ̄2)⊺Xt

ΣP,tρPA,tPΣ⊺
A,t
Λt =diag (ρPA)⊙ LP ⊙ Λ̄⊙Xt

ΣP,tρPA,tPΣ⊺
A,t
ρ⊺PA,tΣ

⊺
P,t =ρ2PA diag

(
L2
P ⊙Xt

)
ΣP,tΣ

⊺
P,t =diag

(
L2
P ⊙Xt

)
ΣX,tρXA,tPΣ⊺

A,t
Λt =diag (ρXA)⊙ LX ⊙ Λ̄⊙Xt

ΣX,tρXP,tΣ
⊺
P,t =ρXP diag (LX ⊙ LP ⊙Xt)

ΣX,tρXA,tPΣ⊺
A,t
ρ⊺PA,tΣ

⊺
P,t =ρXAρPA diag (LX ⊙ LP ⊙Xt)

ΣX,tρXA,tPΣ⊺
A,t
ρ⊺XA,tΣ

⊺
X,t =ρ2XA diag

(
L2
X ⊙Xt

)
ΣX,tΣ

⊺
X,t =diag

(
L2
X ⊙Xt

)
and remaining building blocks are constant. Imposing a diagonal structure on a linear model
like this may seem overly restrictive since Lemma 10 can deal with off-diagonal elements in
semi-linear PDEs (Definition 3). The main reason is to prevent non-linear

√
Xt terms from

breaking the linearity of building blocks above, and it also allows to conveniently extend the
scalar Feller condition in this vectorized setting by keeping the variance processes isolated.

7 Conclusion

This lifecycle model solves the consumption and investment problems in a setting in which
stochastic investment returns, stochastic income and stochastic consumption prices share a
common state process. As in Liu (2007), exact solutions are available when stochastic processes
follow certain quadratic cases.
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When investment instruments like stock shares, bonds or houses are understood as claims
to future payoffs or payoff streams, the asset prices can be decomposed into the current payoff
process value and a price multiplier. Under some state process stationarity conditions, financial
indicators based on price multipliers also become stationary.

The optimal lifecycle policy balances exposure to risky investment assets, consumption price
risk and income risk such that the resulting bundle consumption rate is exposed to the mean-
variance efficient portfolio and consumption price risk in inverse proportion to risk aversion.

Under some stationarity conditions, lifecycle paths of specific individuals or heterogeneous
populations become comparable across different generations. The reference income process
becomes a natural numeraire for individuals whose consumption is exposed mainly to labor
price risk or wanting to keep up with the Joneses. One may then prefer to measure savings as
years of average income saved and consumption rates in proportion to average income.

A Appendix

A.1 Notation

□⊙□ Hadamard product, element-wise matrix multiplication

I identity matrix of appropriate size according to context

0 vector of zeros of appropriate size according to context

1 vector of ones of appropriate size according to context

1□ indicator function for predicate, applied elementwise if predicate is vector or matrix-valued

e□, exp(□) exponential function, applied element-wise to vectors

diag(□) creates a diagonal matrix if the argument is a vector, or extracts the diagonal vector
from a square matrix if the argument is a matrix

tr (□) matrix trace

(□)−1 matrix inverse or reciprocal when applied to scalars

f (x, ·, z)−1 (m) function inverse for argument at position · corresponding to output m

∂□f(t,Xt) partial derivative of function f with respect to specified arguments in order. Re-
peated arguments indicate higher order derivatives. It may also be used on expressions
that are treated as function compositions, e.g. ∂□ log(f(t,Xt)).

d□ differential operator and it refers to the Itô differential when applied stochastic expressions

dAt

At
on a vector process At is shorthand notation for diag(At)

−1 dAt

A[t,T ] path of At from time t to time T

∆A[t,T ] path of increments As − At for the interval s ∈ [t, T ]

□
d∼ □ expressions have the same distribution
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Et[□] expectation conditional on the filtration up to time t, i.e. E[□|Ft]

Function expressions may use semi-colon ; after function arguments to specify parameters,
like Ω(t,Xt, Qt;T ) referring to PDE solution from Lemma 3. They may also use the equal sign
= to assign expressions to parameters by name, like g (t,Xt;Rt = □, Bt = □, Ct = □, Dt = □)
referring to PDE solution from Definition 3.

Some proofs use tensor notation, which is briefly explained in Section A.20.

A.2 Proof of span and replicability quadratic variation, Lemma 2

The “if” direction follows directly from applying Definition 1. To prove the “only if” direction
for the first statement, suppose that φt is not completely spanned by asset risk factors ZA,t

Σφ,t (dZφ,t − ρφA,t dZA,t) ̸= 0.

This process can be separated into its ZA,t projection corresponding to the right hand side of (4)
and its remainder component orthogonal below. Because of this orthogonality, the quadratic
variation of φt is the sum of the quadratic variation of its ZA,t projection plus that of the
remainder

d[φt, φt] =Σφ,tρφA,tρ
⊺
φA,tΣ

⊺
φ,t dt︸ ︷︷ ︸

ZA,t projection

+Σφ,t

(
I − ρφA,tρ

⊺
φA,t

)
Σ⊺

φ,t dt︸ ︷︷ ︸
remainder

and the quadratic variance of the ZA,t projection can only equal d[φt, φt] when the remainder
quadratic variation is zero. The same arguments also prove the “only if” direction for the
second statement when considering the projection to PΣ⊺

A,t
dZA,t instead of dZA,t.

A.3 Proof of price for terminal payoff, Lemma 3

The price Ω(t,Xt, Qt;T ) of the claim to a payoff QT at terminal date T given the pricing kernel
Kt with market price of risk Λt corresponds to

Ω(t,Xt, Qt;T ) =Et

[
KT

Kt

QT

]
and by the law of iterated expectations we have the following recurrence relation for s ∈ [t, T ]

Ω(t,Xt, Qt;T ) =Et

[
Ks

Kt

Es

[
KT

Ks

QT

]]
= Et

[
Ks

Kt

Ω(s,Xs, Qs;T )

]
.

For a small ∆t, we have that

Ω(t,Xt, Qt;T ) =Et

[
Kt+∆t

Kt

Ω(t+∆t,Xt+∆t, Qt+∆t;T )

]
.

Subtracting Ω(t,Xt, Qt;T ) from both sides, dividing by ∆t and taking lim∆t↓0 we obtain

0 =Et

 lim
∆t↓0

e−
∫∆t
0 rt+s+

Λ
⊺
t+sΛt+s

2
ds−

∫∆t
0 Λ⊺

t+sdZA,t+s − 1

∆t
Ω(t+∆t,Xt+∆t, Qt+∆t;T )


+ Et

[
lim
∆t↓0

Ω(t+∆t,Xt+∆t, Qt+∆t;T )− Ω(t,Xt, Qt;T )

∆t

]
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where

Et

 lim
∆t↓0

e−
∫∆t
0 rt+s+

Λ
⊺
t+sΛt+s

2
ds−

∫∆t
0 Λ⊺

t+sdZA,t+s − 1

∆t
Ω(t+∆t,Xt+∆t, Qt+∆t;T )


= −rtΩ(t,Xt, Qt;T )− (∂XΩt)

⊺ΣX,tρXA,tΛt − ∂QΩtQtΣQ,tρQA,tΛt

and

Et

[
lim
∆t↓0

Ω(t+∆t,Xt+∆t, Qt+∆t;T )− Ω(t,Xt, Qt;T )

∆t

]
= ∂tΩt + ∂QΩtQµQ,t + (∂XΩt)

⊺µX,t +
1

2
∂QQΩtQtΣQ,tΣ

⊺
Q,tQt +

1

2
tr
(
∂XX⊺ΩtΣX,tΣ

⊺
X,t

)
+ (∂XQΩt)

⊺ΣX,tρXQ,tΣ
⊺
Q,tQt.

Substituting the expectations and rearranging terms gives the following PDE

0 =− Ω(t,Xt, Qt;T )rt + (∂XΩt)
⊺ (µX,t − ΣX,tρXA,tΛt) + (µQ,t − ΣQ,tρQA,tΛt)Qt∂QΩt

+ ∂tΩt +
1

2
tr
(
∂XX⊺ΩtΣX,tΣ

⊺
X,t

)
+

1

2
∂QQΩtQtΣQ,tΣ

⊺
Q,tQt + (∂XQΩt)

⊺ΣX,tρXQ,tΣ
⊺
Q,tQt

(A.1)

with boundary condition Ω(T,Xt, Qt;T ) = Qt.

Finally, it’s straightforward to reformulate this PDE in terms of Ω̃(t,Xt;T ) = Ω(t,Xt, Qt;T )Q
−1
t

using homogeneity when market parameters do not depend on Qt

0 =∂tΩ̃t + (µQ,t − rt − ΣQ,tρQA,tΛt) Ω̃(t,Xt;T )

+ (∂XΩ̃t)
⊺
(
µX,t + ΣX,t

(
ρXQ,tΣ

⊺
Q,t − ρXA,tΛt

))
+

1

2
tr
(
∂XX⊺Ω̃tΣX,tΣ

⊺
X,t

)
with boundary condition Ω̃(T,Xt;T ) = 1.

The linear PDE for Ω̃(t,Xt;T ) is a particular case of the semi-linear PDE from Definition 3
parametrized as

g
(
t,Xt;

Rt = µQ,t − rt − ΣQ,tρQA,tΛt,

Bt = µX,t + ΣX,t

(
ρXQ,tΣ

⊺
Q,t − ρXA,tΛt

)
,

Ct = ΣX,tΣ
⊺
X,t,

Dt = ΣX,tΣ
⊺
X,t

)
(A.2)

with boundary condition g(T,Xt) = 1.

Section A.21 explains how to reduce the semi-linear PDE to a system of Riccati ODEs when
parameters satisfy a quadratic structure in state. In that case, Rt, Bt, Ct, Dt can be constructed
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from the following building blocks

(µQ,t) = αQ + βQ p X
p+ Xp η

p
h ωh

Q m ηmq X
q

(rt) = αr + βr p X
p+ Xp η

p
h ωh

r m ηmq X
q

(ΣQ,tρQA,tΛt) = αΣQA + βΣQA p X
p+ Xp η

p
h ωh

ΣQA m ηmq X
q

(µX,t)
k = αk

X − βk
X p X

p+ Xp η
p

h ωkh
X m ηmq X

q(
ΣX,tρXQ,tΣ

⊺
Q,t

)k
= αk

ΣXΣQ
+ βk

ΣXΣQ p X
p+Xp η

p
h ωkh

ΣXΣQ m ηmq X
q

(ΣX,tρXA,tΛt)
k = αk

ΣXA + βk
ΣXA p X

p+ Xp η
p

h ωkh
ΣXA m ηmq X

q(
ΣX,tΣ

⊺
X,t

)k
l
= αk

ΣX l+ βk
ΣX lp X

p+ Xp η
p

h ωk h
ΣX l m ηmq X

q (A.3)

Section A.22 shows how to explicitly solve the diagonalized version of the aforementioned
Riccati ODEs for an ample range of cases.

A.4 Proof of replicating strategy for terminal payoff, Lemma 3

Consider the following portfolio value Wt dynamics controlled by investment strategy πt

dWt =Wt (rt dt+ π⊺
t ((µA,t − rt1) dt+ ΣA,t dZA,t)) (A.4)

The projection of price Ωt diffusion terms into tradeable assets is given by

πt =
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

ρ⊺XA,tΣ
⊺
X,t∂XΩt + ρ⊺QA,tΣ

⊺
Q,tQt∂QΩt

Wt

resulting in the following dynamics

dWt =Wtrt dt+
(
ρ⊺XA,tΣ

⊺
X,t∂XΩt + ρ⊺QA,tΣ

⊺
Q,tQt∂QΩt

)⊺ (
Σ⊺

A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1) dt

+PΣ⊺
A,t

dZA,t

)
Assuming that this price is replicable (Definition 1), we obtain from (5) that

((∂XΩt)
⊺ΣX,tρXA,t + ∂QΩtQtΣQ,tρQA,t)PΣ⊺

A,t
dZA,t

= (∂XΩt)
⊺ΣX,t dZX,t + ∂QΩtQtΣQ,t dZQ,t .

Substituting that equivalence and the no arbitrage constraint (3) into portfolio dynamics yields

dWt =Wtrt dt+
(
ρ⊺XA,tΣ

⊺
X,t∂XΩt + ρ⊺QA,tΣ

⊺
Q,tQt∂QΩt

)⊺ PΣ⊺
A,t
Λt dt

+ (∂XΩt)
⊺ΣX,t dZX,t + ∂QΩtQtΣQ,t dZQ,t

Applying Itô’s lemma to Ω(t,Xt, Qt;T ) shows that

dΩt =∂tΩt dt+ (∂XΩt)
⊺ (µX,t dt+ ΣX,t dZX,t) + ∂QΩtQt (µQ,t dt+ ΣQ,t dZQ,t)

+
1

2
tr
(
∂XX⊺ΩtΣX,tΣ

⊺
X,t

)
dt+

1

2
Q2

t∂QQΩtΣQ,tΣ
⊺
Q,t dt+Qt(∂XQΩt)

⊺ΣX,tρXQ,tΣ
⊺
Q,t dt

(A.5)
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and using the diffusion terms in (A.5) to replace the diffusion terms of the portfolio dynamics
yields

dWt =dΩt +Wtrt dt

− ∂tΩt dt− (∂XΩt)
⊺
(
µX,t − ΣX,tρXA,tPΣ⊺

A,t
Λt

)
dt− ∂QΩtQt

(
µQ,t − ΣQ,tρQA,tPΣ⊺

A,t
Λt

)
dt

− 1

2
tr
(
∂XX⊺ΩtΣX,tΣ

⊺
X,t

)
dt− 1

2
Q2

t∂QQΩtΣQ,tΣ
⊺
Q,t dt−Qt(∂XQΩt)

⊺ΣX,tρXQ,tΣ
⊺
Q,t dt .

Replacing ∂tΩt from PDE (A.1) into portfolio dynamics yields

dWt =dΩt +Wtrt dt− Ωtrt dt+ ((∂XΩt)
⊺ΣX,tρXA,t + ∂QΩtQtΣQ,tρQA,t)

(
PΣ⊺

A,t
− I
)
Λt dt .

Price Ωt is assumed to be both replicable and spanned by asset risk factors (Lemma 1), so
combining (4) and (5) implies that

((∂XΩt)
⊺ΣX,tρXA,t + ∂QΩtQtΣQ,tρQA,t)

(
PΣ⊺

A,t
− I
)
= 0

reducing portfolio dynamics to

dWt =dΩt +Wtrt dt− Ωtrt dt .

For a starting wealth of Wt = Ωt we have that dWt = dΩt. By induction in following periods
s ∈ (t, T ] we have Ws = Ωs and dWs = dΩs, arriving at WT = ΩT = QT .

A.5 Proof of price for payoff stream, Lemma 4

The price Υ(t,Xt, Qt;T ) of the claim to a payoff stream Qt from present time t up to date T
given the pricing kernel Kt with market price of risk Λt corresponds to the price of a portfolio
composed by terminal payoff claims that provides an equivalent payoff stream. By Lemma 3
we have that

Υ(t,Xt, Qt;T ) =Et

[∫ T

t

Ku

Kt

Qu du

]
=

∫ T

t

Ω(t,Xt, Qt;u) du = Qt

∫ T

t

Ω̃(t,Xt;u) du .

(A.6)

By the law of iterated expectations we have the following recurrence relation for s ∈ [t, T ]

Υ(t,Xt, Qt;T ) =Et

[∫ s

t

Ku

Kt

Qu du+
Ks

Kt

Υ(s,Xs, Qs;T )

]
.

For a small ∆t, we have that

Υ(t,Xt, Qt;T ) =Et

[∫ ∆t

0

Kt+u

Kt

Qt+u du+
Kt+∆t

Kt

Υ(t+∆t,Xt+∆t, Qt+∆t;T )

]
.

Subtracting Υ(t,Xt, Qt;T ) from both sides, dividing by ∆t and taking lim∆t↓0 we obtain

0 = lim
∆t↓0

Et

[∫ ∆t

0
Kt+u

Kt
Qt+u du

∆t

]
+ Et


(

Kt+∆t

Kt
− 1
)

∆t
Υ(t+∆t,Xt+∆t, Qt+∆t;T )


+ Et

[
Υ(t+∆t,Xt+∆t, Qt+∆t;T )−Υ(t,Xt, Qt;T )

∆t

]
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yielding this PDE

0 =∂tΥt +Qt −Υtrt + (∂XΥt)
⊺ (µX,t − ΣX,tρXA,tΛt) + ∂QΥtQt (µQ,t − ΣQ,tρQA,tΛt)

+
1

2
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
+

1

2
Q2

t∂QQΥtΣQ,tΣ
⊺
Q,t +Qt(∂XQΥt)

⊺ΣX,tρXQ,tΣ
⊺
Q,t (A.7)

with boundary condition Υ(T,Xt, Qt;T ) = 0.

Using the Ansatz

Υ(t,Xt, Qt;T ) =

∫ T

t

Ω(t,Xt, Qt; s) ds

one can see that after substituting it into the PDE

0 =Qt −
Qt︷ ︸︸ ︷

Ω(t,Xt, Qt; t)

+

∫ T

t

(
∂tΩt;s − Ω(t,Xt, Qt; s)r

+ (∂XΩt;s)
⊺ (µX,t − ΣX,tρXA,tΛt) +Qt∂QΩt;s (µQ,t − ΣQ,tρQA,tΛt)

+
1

2
tr
(
∂XX⊺Ωt;sΣX,tΣ

⊺
X,t

)
+

1

2
∂QQΩt;sQtΣQ,tΣ

⊺
Q,tQt

+(∂XQΩt;s)
⊺ΣX,tρXQ,tΣ

⊺
Q,tQt

)
ds︸ ︷︷ ︸

0

and notice that the integrand corresponds to the zero condition of the PDE in (A.1) for Ω.

A.6 Proof of replicating strategy for payoff stream, Lemma 4

Consider the following portfolio value Wt dynamics distributing payoff Qt and controlled by
investment strategy πt

dWt =−Qt dt+Wt (rt dt+ π⊺
t ((µA,t − rt1) dt+ ΣA,t dZA,t)) (A.8)

The projection of price Υt diffusion terms into tradeable assets is given by

πt =
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

ρ⊺XA,tΣ
⊺
X,t∂XΥt + ρ⊺QA,tΣ

⊺
Q,tQt∂QΥt

Wt

.

resulting in the following portfolio dynamics

dWt =−Qt dt+Wtrt dt

+ ((∂XΥt)
⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t)

(
Σ⊺

A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1) dt+ PΣ⊺

A,t
dZA,t

)
Assuming that this price is replicable (Definition 1), we obtain from (5) that

(∂XΥt)
⊺ΣX,t dZX,t + ∂QΥtQtΣQ,t dZQ,t = ((∂XΥt)

⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t)PΣ⊺
A,t

dZA,t .

Substituting that equivalence and the no arbitrage constraint (3) into portfolio dynamics yields

dWt =−Qt dt+Wtrt dt+ ((∂XΥt)
⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t)PΣ⊺

A,t
Λt dt

+ (∂XΥt)
⊺ΣX,t dZX,t + ∂QΥtQtΣQ,t dZQ,t
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Applying Itô’s lemma to Υ(t,Xt, Qt) shows that

dΥt =∂tΥt dt+ (∂XΥt)
⊺ (µX,t dt+ ΣX,t dZX,t) + ∂QΥtQt (µQ,t dt+ ΣQ,t dZQ,t)

+
1

2
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
dt+

1

2
Q2

t∂QQΥtΣQ,tΣ
⊺
Q,t dt+Qt(∂XQΥt)

⊺ΣX,tρXQ,tΣ
⊺
Q,t dt

(A.9)

and using the diffusion terms in (A.9) to replace the diffusion terms of the portfolio dynamics
yields

dWt =dΥt −Qt dt+Wtrt dt

− ∂tΥt dt− (∂XΥt)
⊺
(
µX,t − ΣX,tρXA,tPΣ⊺

A,t
Λt

)
dt− ∂QΥtQt

(
µQ,t − ΣQ,tρQA,tPΣ⊺

A,t
Λt

)
dt

− 1

2
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
dt− 1

2
Q2

t∂QQΥtΣQ,tΣ
⊺
Q,t dt−Qt(∂XQΥt)

⊺ΣX,tρXQ,tΣ
⊺
Q,t dt

Replacing ∂tΥt from PDE (A.7) into portfolio dynamics yields

dWt =dΥt +Wtrt dt−Υtrt dt+ ((∂XΥt)
⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t)

(
PΣ⊺

A,t
− I
)
Λt dt

Price Υt is assumed to be both replicable and spanned by asset risk factors (Lemma 1), so
combining (4) and (5) implies that

((∂XΥt)
⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t)

(
PΣ⊺

A,t
− I
)
= 0

reducing portfolio dynamics to

dWt =dΥt +Wtrt dt−Υtrt dt .

For a starting wealth of Wt = Υt we have that dWt = dΥt. By induction in following periods
s ∈ (t, T ] we have Ws = Υs and dWs = dΥs, arriving at WT = ΥT = 0 while distributing Qt at
every instant.

A.7 Proof of returns of payoff claims, Lemma 6

The dynamics of the terminal payoff claim investment AΩ,t can be derived from (11) by ex-
panding definitions and applying Itô’s lemma

dAΩ,t

AΩ,t

=
dΩ(t,Xt, Qt;T )

Ω(t,Xt, Qt;T )

=
dQt

Qt

+
dΩ̃(t,Xt;T )

Ω̃(t,Xt;T )
+

(∂XΩ̃t)
⊺ΣX,tρXQ,tΣ

⊺
Q,t

Ω̃(t,Xt;T )
dt

=

µQ,t +
∂tΩ̃t + (∂XΩ̃t)

⊺
(
µX,t + ΣX,tρXQ,tΣ

⊺
Q,t

)
+ 1

2
tr
(
∂XX⊺Ω̃tΣX,tΣ

⊺
X,t

)
Ω̃(t,Xt;T )

 dt

+ ΣQ,t dZQ,t +
(∂XΩ̃t)

⊺ΣX,t

Ω̃(t,Xt;T )
dZX,t

At this point I replace ∂tΩ̃t with the value implicitly defined by the PDE (8) and after some
simplifications we arrive at

dAΩ,t

AΩ,t

=rt dt+ ΣQ,t (ρQA,tΛt dt+ dZQ,t) +
(∂XΩ̃t)

⊺

Ω̃(t,Xt;T )
ΣX,t (ρXA,tΛt dt+ dZX,t) .
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where Λt is the market price of risk from (3). Further substituting dZQ,t by ρQA,t dZA,t and
dZX,t by ρXA,t dZA,t yields

dAΩ,t

AΩ,t

=rt dt+

(
ρ⊺QA,tΣ

⊺
Q,t + ρ⊺XA,tΣ

⊺
X,t

∂XΩ̃t

Ω̃(t,Xt;T )

)⊺

(Λt dt+ dZA,t) .

This substitution follows from the assumption that those risk factors are spanned by the market
in Lemma 3.

The dynamics of the payoff stream claim investment AΥ,t can be derived from (12). Isolating
AΥ,t

AΥ,t =
Υ(t,Xt, Qt;T )

1−
∫ t

t0

Qs

AΥ,s
ds

(A.10)

using Itô’s lemma

dAΥ,t =−Υ(t,Xt, Qt;T )
− Qt

AΥ,t
ds(

1−
∫ t

t0

Qs

AΥ,s
ds
)2 dt+ 1

1−
∫ t

t0

Qs

AΥ,s
ds

dΥ(t,Xt, Qt;T )

and, at a time point t ∈ [t0, T ) to avoid division by zero, we arrive at (13) after dividing by
(A.10)

dAΥ,t

AΥ,t

=
Qt

Υ(t,Xt, Qt;T )
dt+

dΥ(t,Xt, Qt;T )

Υ(t,Xt, Qt;T )
.

Expand dΥ(t,Xt, Qt;T ) using Itô’s lemma to obtain

dAΥ,t

AΥ,t

=
Qt

Υ(t,Xt, Qt;T )
dt+

dQt

Qt

+
d
∫ T

t
Ω̃(t,Xt; s) ds∫ T

t
Ω̃(t,Xt; s) ds

+

(∫ T

t
∂XΩ̃(t,Xt; s) ds

)⊺
ΣX,tρXQ,tΣ

⊺
Q,t∫ T

t
Ω̃(t,Xt; s) ds

dt

=

∫ T

t
∂tΩ̃(t,Xt; s) ds∫ T

t
Ω̃(t,Xt; s) ds

dt+ µQ,t dt

+

(∫ T

t
∂XΩ̃(t,Xt; s) ds

)⊺ (
µX,t + ΣX,tρXQ,tΣ

⊺
Q,t

)
∫ T

t
Ω̃(t,Xt; s) ds

dt

+

1
2
tr
(∫ T

t
∂XX⊺Ω̃(t,Xt; s) dsΣX,tΣ

⊺
X,t

)
∫ T

t
Ω̃(t,Xt; s) ds

dt

+ ΣQ,t dZQ,t +

(∫ T

t
∂XΩ̃(t,Xt; s) ds

)⊺
ΣX,t∫ T

t
Ω̃(t,Xt; s) ds

dZX,t

At this point I replace ∂tΩ̃(t,Xt; s) with the value implicitly defined by the PDE (8) and after
some simplifications we arrive at

dAΥ,t

AΥ,t

=rt dt+ ΣQ,t (ρQA,tΛt dt+ dZQ,t) +

(∫ T

t
∂XΩ̃(t,Xt; s) ds

)⊺
ΣX,t∫ T

t
Ω̃(t,Xt; s) ds

(ρXA,tΛt dt+ dZX,t) .
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Further substituting dZQ,t by ρQA,t dZA,t and dZX,t by ρXA,t dZA,t yields

dAΥ,t

AΥ,t

=rt dt+

(
ρ⊺QA,tΣ

⊺
Q,t + ρ⊺XA,tΣ

⊺
X,t

∫ T

t
∂XΩ̃(t,Xt; s) ds∫ T

t
Ω̃(t,Xt; s) ds

)⊺

(Λt dt+ dZA,t) .

This substitution follows from the assumption that those risk factors are spanned by the market
in Lemma 3.

The explicit expression (16) for the cumulative total return of payoff stream claim AΥ,t can
be derived from (13). Applying Itô’s lemma and for a time point t ∈ [t0, T ) to avoid division
by zero, we arrive at

d log(AΥ,t) =
Qt

Υ(t,Xt, Qt;T )
dt+ d log(Υ(t,Xt, Qt;T ))

Integrating the equation above with respect to time yields

AΥ,t

AΥ,t0

=
Υ(t,Xt, Qt;T )

Υ(t0, Xt0 , Qt0 ;T )
e
∫ t
t0

Qs
Υ(s,Xs,Qs;T )

ds
. (A.11)

A.8 Proof of optimal consumption bundle, Lemma 7

The degenerate case in which the consumption budget is zero ct = 0 admits only one solution
allocating zero to every product ctϖi,t = 0 and making the maximum amount of consumption
bundles consumed zero. In this case the relative allocation decision ϖt does not play any role
and can be chosen arbitrarily. The remainder of this proof considers the case of a positive
consumption budget c > 0.

Another degenerate case is when θi = 0∀i or ∃θi = 1 make the problem linear in one
product or cash-indexed consumption. All other alternatives drop out and the optimal policy
allocates the entire budget to the remaining product ϖi,t = 1 or to cash-indexed consumption
1 − ϖ⊺

t 1 = 1 respectively. The remainder of this proof considers the case of strictly concave
problems θ ∈ (0, 1)nP .

The objective function becomes zero whenever a product with non-zero elasticity is allocated
zero consumption, and this applies also to the cash indexed product. This is clearly suboptimal
since we can redistribute a fraction of the budget allocated to other products towards products
with zero allocations but non-zero elasticities and make the objective function strictly positive.
Consequently, we can restrict our attention to non-zero allocations for products that have
non-zero elasticities.

These observations make it possible to reformulate the consumption allocation problem (20)
in exponential-logarithm form

max
ϖt∈R

nP
+

exp

(
(1− θ⊺1) log(ct − ctϖ

⊺
t 1) +

nP∑
i=1

θi log

(
ctϖi,t

Pi,t

))
.

Second order conditions are satisfied since the objective function is a monotonic transfor-
mation over a strictly concave function. The Hessian matrix of the log-objective is negative
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definite since it is symmetric and second order (cross-)derivatives are negative. The first order
conditions for consumption allocation problem are

ϖi,t =θi
1−ϖ⊺

t 1

1− θ⊺1
.

Aggregating ϖi,t from the first order conditions we can find this recursive expression for ϖ⊺
t 1

ϖ⊺
t 1 =θ⊺1

1−ϖ⊺
t 1

1− θ⊺1

and rearrange terms to arrive at this other explicit expression

ϖ⊺
t 1 =θ⊺1.

Thus, the optimal allocations to dynamically priced products are given by

ϖi,t = θi,

the remainder allocation to cash consumption is

1−ϖ⊺
t 1 = 1− θ⊺1

and the objective function becomes

ct
e−(1−θ⊺1) log(1−θ⊺1)−θ⊺ log(θ)+θ⊺ log(Pt)

.

A.9 Proof of random terminal time, Remark 6

Before addressing the main statement, let me elaborate some auxiliary statements. The prob-
ability of survival Sm,t|X[t,m]

from time t until time m ∈ (t,∞) conditional on the hazard rate
path λT,[t,m] is

Sm,t|λT,[t,m]
= e−

∫m
t λT,qdq,

which may differ from the probability of survival Sm,t conditional only on information available
at time t, since the termination hazard rate λT,t is adapted to the filtration

Sm,t = Et

[
e−

∫m
t λT,qdq

]
.

Conditional on a hazard rate path λT,[t,m], the probability density of terminating at time m
from a time t perspective is

∂m(1− Sm,t|λT,[t,m]
) = λT,me

−
∫m
t λT,qdq (A.12)

and using (31) the asymptotic probability of termination is

1− S∞,t|λT,[t,∞]
= 1. (A.13)

Now consider again the the main statement. Reformulating

Et

[∫ τ

t

e−
∫ s
t δqdqu(v(cs, Ps, θ̃)) ds

]
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in terms of an outer expectation over state paths λT,[t,∞] and expanding the inner expectation
over possible termination points m as an integral using probability density (A.12) produces

Et

[∫ ∞

t

λT,me
−
∫m
t λT,qdq

∫ m

t

E
[
e−

∫ s
t δqdqu(v(cs, Ps, θ̃))|Ft, λT,[t,∞]

]
ds dm

]
Assuming that (32) converges to a finite value for all possible hazard rate paths λT,[t,∞] and
using integration by parts together with (A.13), the expression becomes

Et

[∫ ∞

t

e−
∫ s
t λT,qdqE

[
e−

∫ s
t δqdqu(v(cs, Ps, θ̃))|Ft, λT,[t,∞]

]
ds

]
obtaining

Et

[∫ ∞

t

e−
∫ s
t (λT,q+δq)dqu(v(cs, Ps, θ̃)) ds

]
.

A.10 Proof of portfolio optimization, Proposition 1

The goal is to maximize

J(t,Wt, Xt, Pt, Qt) = sup
π,c∈A

Et

[
ε1

∫ T

t

e−
∫ s−t
0 δt+qdqu(v(cs, Ps, θ̃)) ds+ ε2e

−
∫ T−t
0 δt+qdqu(v(WT , PT , θ))

]
s.t.

dWt

Wt

=
Qt1t≤TR

− ct
Wt

dt+ rt dt+ π⊺
t ((µA,t − rt1) dt+ ΣA,t dZA,t)

for an agent that receives a wage flow in terms of stochastic endowment prices Qt.

Rewriting the objective function as a recursive function for a small ∆t

J(t,Wt, Xt, Pt, Qt) = sup
π,c∈A

Et

[
ε1e

−
∫∆t
0 δt+qdqu(v(ct, Pt, θ̃))∆t

+ e−
∫∆t
0 δt+qdqJ(t+∆t,Wt+∆t, Xt+∆t, Pt+∆t, Qt+∆t)

]

Then subtracting J from both sides, dividing by ∆t and taking lim∆t↓0 yields

0 = sup
π,c∈A

ε1

((
P ⋆
θ̃,t

)−1

ct

)1−γ

1− γ
− ∂WJtct + ∂WJtWtπ

⊺
t (µA,t − rt1)

+
1

2
∂WWJtW

2
t π

⊺
tΣA,tΣ

⊺
A,tπt + (∂WXJt)

⊺ΣX,tρXA,tΣ
⊺
A,tπtWt

+ (∂WPJt)
⊺ diag(Pt)ΣP,tρPA,tΣ

⊺
A,tπtWt

− δtJ(t,Wt, Xt, Pt, Qt) + ∂tJt + ∂WJt (Wtrt +Qt1t≤TR
)

+ (∂XJt)
⊺µX,t +

1

2
tr
(
∂XX⊺JtΣX,tΣ

⊺
X,t

)
+ (∂PJt)

⊺ diag(Pt)µP,t +
1

2
tr
(
∂PP ⊺Jt diag(Pt)ΣP,tΣ

⊺
P,t diag(Pt)

)
+ tr

(
(∂XP ⊺Jt)

⊺ΣX,tρXP,tΣ
⊺
P,t diag(Pt)

)
+ ∂QJtQtµQ,t +

1

2
Q2

t∂QQJtΣQ,tΣ
⊺
Q,t + ∂WQJtQtΣQ,tρQA,tΣ

⊺
A,tπtWt

+Qt(∂XQJt)
⊺ΣX,tρXQ,tΣ

⊺
Q,t + (∂QPJt)

⊺ diag(Pt)ΣP,tρPQ,tΣ
⊺
Q,tQt (A.14)
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with boundary condition J(T,Wt, Xt, Pt, Qt) = ε2
(
P ⋆
θ,t

)γ−1 W 1−γ
T

1−γ
.

Assume that admissibility restrictions other than adaptedness are not locally binding around
optimal paths and that indirect utility is increasing and concave in wealth, giving rise to interior
solutions. Then the consumption and investment problems are separable. The consumption
problem below is concave due to the power utility term

sup
c

ε1

((
P ⋆
θ̃,t

)−1

ct

)1−γ

1− γ
− ∂WJtct

with solution

c⋆t =ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ
(∂WJt)

− 1
γ

and using P ⋆
θ̃,t

from (21) to reduce terms yields (23).

The investment problem is

sup
π

∂WJtWtπ
⊺
t (µA,t − rt1) +

1

2
∂WWJtW

2
t π

⊺
tΣA,tΣ

⊺
A,tπt + (∂WXJt)

⊺ΣX,tρXA,tΣ
⊺
A,tπtWt

+ (∂WPJt)
⊺ diag(Pt)ΣP,tρPA,tΣ

⊺
A,tπtWt + ∂WQJtQtΣQ,tρQA,tΣ

⊺
A,tπtWt

with solution

π⋆
t =

(
ΣA,tΣ

⊺
A,t

)−1

(
(µA,t − rt1)∂WJt + ΣA,tρ

⊺
XA,tΣ

⊺
X,t∂WXJt

+ ΣA,tρ
⊺
PA,tΣ

⊺
P,t diag(Pt)∂WPJt + ΣA,tρ

⊺
QA,tΣ

⊺
Q,tQt∂WQJt

)
−∂WWJtWt

.

Second order conditions are satisfied given that ΣA,tΣ
⊺
A,t is positive definite and ∂WWJt is

assumed to be negative, which ultimately follows from diminishing marginal utility of wealth in
the utility function. Reformulating partial derivatives produces (24). At Wt = 0 the investment
problem above is not well defined, instead one should think about it as a prescription for a
control Wtπt in terms of nominal wealth exposure, not relative.

(Wtπt)
⋆ =

(
ΣA,tΣ

⊺
A,t

)−1

(
(µA,t − rt1)∂WJt + ΣA,tρ

⊺
XA,tΣ

⊺
X,t∂WXJt

+ ΣA,tρ
⊺
PA,tΣ

⊺
P,t diag(Pt)∂WPJt + ΣA,tρ

⊺
QA,tΣ

⊺
Q,tQt∂WQJt

)
−∂WWJt

.
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Substituting the solutions in the PDE yields

0 =
γ

1− γ
ε

1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ
(∂WJt)

1− 1
γ

+
1

2

(
(µA,t − rt1)∂WJt

+ ΣA,tρ
⊺
XA,tΣ

⊺
X,t∂WXJt

+ ΣA,tρ
⊺
PA,tΣ

⊺
P,t diag(Pt)∂WPJt

+ΣA,tρ
⊺
QA,tΣ

⊺
Q,tQt∂WQJt

)⊺ (ΣA,tΣ
⊺
A,t

)−1

−∂WWJt

(
(µA,t − rt1)∂WJt

+ ΣA,tρ
⊺
XA,tΣ

⊺
X,t∂WXJt

+ ΣA,tρ
⊺
PA,tΣ

⊺
P,t diag(Pt)∂WPJt

+ΣA,tρ
⊺
QA,tΣ

⊺
Q,tQt∂WQJt

)
− δtJ(t,Wt, Xt, Pt, Qt) + ∂tJt + ∂WJt (Wtrt +Qt1t≤TR

) + (∂XJt)
⊺µX,t +

1

2
tr
(
∂XX⊺JtΣX,tΣ

⊺
X,t

)
+ (∂PJt)

⊺ diag(Pt)µP,t +
1

2
tr
(
∂PP ⊺Jt diag(Pt)ΣP,tΣ

⊺
P,t diag(Pt)

)
+ tr

(
(∂XP ⊺Jt)

⊺ΣX,tρXP,tΣ
⊺
P,t diag(Pt)

)
+ ∂QJtQtµQ,t +

1

2
∂QQJtQ

2
tΣQ,tΣ

⊺
Q,t + (∂XQJt)

⊺ΣX,tρXQ,tΣ
⊺
Q,tQt

+ (∂QPJt)
⊺ diag(Pt)ΣP,tρPQ,tΣ

⊺
Q,tQt (A.15)

with boundary condition J(T,Wt, Xt, Pt, Qt) = ε2
(
P ⋆
θ,t

)γ−1 W 1−γ
T

1−γ
.

A.11 Proof of solution to portfolio optimization, Proposition 2

Continuing from Section A.10, considering the ansatz

J(t,Wt, Xt, Pt, Qt) =
(Wt +Υ(t,Xt, Qt))

1−γ

1− γ
f(t,Xt, Pt)

γ
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then the PDE becomes

0 =
Jt
ft
γ

(
∂tft + ε

1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ

− ft

(
δt
γ
− 1− γ

γ

(
rt +

1

2

(µA,t − rt1)
⊺ (ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

γ

))

+

(
µ⊺
X,t +

1− γ

γ
(µA,t − rt1)

⊺ (ΣA,tΣ
⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

)
∂Xft

+

(
µ⊺
P,t +

1− γ

γ
(µA,t − rt1)

⊺ (ΣA,tΣ
⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t

)
diag(Pt)∂Pft

+ (1− γ)
1

2

(∂Xft)
⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t − I

)
Σ⊺

X,t∂Xft

ft

+ (1− γ)
1

2

(∂Pft)
⊺ diag(Pt)ΣP,t

(
ρPA,tPΣ⊺

A,t
ρ⊺PA,t − I

)
Σ⊺

P,t diag(Pt)∂Pft

ft

+ (1− γ)
(∂Xft)

⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺PA,t − ρXP,t

)
Σ⊺

P,t diag(Pt)∂Pft

ft

+
1

2
tr
(
∂XX⊺ftΣX,tΣ

⊺
X,t

)
+

1

2
tr
(
∂PP ⊺ft diag(Pt)ΣP,tΣ

⊺
P,t diag(Pt)

)
+tr

(
(∂XP ⊺ft)

⊺ΣX,tρXP,tΣ
⊺
P,t diag(Pt)

))

+
Jt(1− γ)

Wt +Υt

(
∂tΥt −Υtrt +Qt1t≤TR

+
(
µ⊺
X,t − (µA,t − rt1)

⊺ (ΣA,tΣ
⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

)
∂XΥt

+ γf−1
t (∂Xft)

⊺ΣX,t

(
I − ρXA,tPΣ⊺

A,t
ρ⊺XA,t

)
Σ⊺

X,t∂XΥt

+ γf−1
t (∂Pft)

⊺ diag(Pt)ΣP,t

(
ρ⊺XP,t − ρPA,tPΣ⊺

A,t
ρ⊺XA,t

)
Σ⊺

X,t∂XΥt

+
1

2
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
+ (∂XQΥt)

⊺ΣX,tρXQ,tΣ
⊺
Q,tQt

+
(
µQ,t − (µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
QA,tΣ

⊺
Q,t

)
Qt∂QΥt

+ γf−1
t (∂Xft)

⊺ΣX,t

(
ρXQ,t − ρXA,tPΣ⊺

A,t
ρ⊺QA,t

)
Σ⊺

Q,tQt∂QΥt

+ γf−1
t (∂Pft)

⊺ diag(Pt)ΣP,t

(
ρPQ,t − ρPA,tPΣ⊺

A,t
ρ⊺QA,t

)
Σ⊺

Q,tQt∂QΥt

+
1

2
∂QQΥtQtΣQ,tΣ

⊺
Q,tQt

+
1

Wt +Υt

γ
1

2
(∂XΥt)

⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t − I

)
Σ⊺

X,t∂XΥt

+
1

Wt +Υt

γ(∂XΥt)
⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺QA,t − ρXQ,t

)
Σ⊺

Q,tQt∂QΥt

+
1

Wt +Υt

γ
1

2
∂QΥtQtΣQ,t

(
ρQA,tPΣ⊺

A,t
ρ⊺QA,t − I

)
Σ⊺

Q,tQt∂QΥt

)
(A.16)
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The terms multiplying Jt
ft
γ in the PDE above must add up to zero as well as the terms

multiplying Jt(1−γ)
Wt+Υt

. These condition gives rise to PDEs for f(t,Xt, Pt) and Υ(t,Xt, Qt). The
associated optimal controls are

c⋆t =ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ
f(t,Xt, Pt)

−1 (Wt +Υ(t,Xt, Qt)) (A.17)

π⋆
t =

(
ΣA,tΣ

⊺
A,t

)−1 (µA,t − rt1)

γ

Wt +Υ(t,Xt, Qt)

Wt

+
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

(
f(t,Xt, Pt)

−1∂Xft
Wt +Υ(t,Xt, Qt)

Wt

− ∂XΥt

Wt

)
+
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t diag(Pt)f(t,Xt, Pt)

−1∂Pft
Wt +Υ(t,Xt, Qt)

Wt

−
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
QA,tΣ

⊺
Q,tQt∂QΥt

1

Wt

(A.18)

which coincide with (26) and when using P ⋆
θ̃,t

from (21) to reduce terms and reformulating

partial derivatives to obtain (27).

Solution to f(t,Xt, Pt). The terms multiplying Jt
ft
γ in (A.16) give rise to a PDE for f(t,Xt, Pt)

0 =ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ
+ ∂tft

− f(t,Xt, Pt)

δt − (1− γ)

(
rt +

1
2

(µA,t−rt1)⊺(ΣA,tΣ
⊺
A,t)

−1
(µA,t−rt1)

γ

)
γ

+

(
µ⊺
X,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

)
∂Xft

+

(
µ⊺
P,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t

)
diag(Pt)∂Pft

+
1

2
(1− γ)

(∂Xft)
⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t − I

)
Σ⊺

X,t∂Xft

f(t,Xt, Pt)

+
1

2
(1− γ)

(∂Pft)
⊺ diag(Pt)ΣP,t

(
ρPA,tPΣ⊺

A,t
ρ⊺PA,t − I

)
Σ⊺

P,t diag(Pt)∂Pft

f(t,Xt, Pt)

+ (1− γ)
(∂Xft)

⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺PA,t − ρXP,t

)
Σ⊺

P,t diag(Pt)∂Pft

f(t,Xt, Pt)

+
1

2
tr
(
∂XX⊺ftΣX,tΣ

⊺
X,t

)
+

1

2
tr
(
∂PP ⊺ft diag(Pt)ΣP,tΣ

⊺
P,t diag(Pt)

)
+ tr

(
(∂XP ⊺ft)

⊺ΣX,tρXP,tΣ
⊺
P,t diag(Pt)

)
(A.19)

with boundary condition f(T,Xt, Pt) = ε
1
γ

2

(
e(1−θ⊺1) log(1−θ⊺1)+θ⊺ log(θ)−θ⊺ log(PT )

) 1
γ
−1
.

There are three explicit solutions depending on ε1 and the degree of market completeness.
If there is no intermediate consumption ε1 = 0, one can use the Ansatz

f(t,Xt, Pt) =ε
1
γ

2

(
P ⋆
θ,t

)1− 1
γ h(t,Xt;T, θ) (A.20)
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then

∂tht =ht

(
δt
γ
−
(
1

γ
− 1

)(
rt +

1

2

(µA,t − rt1)
⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

γ

− θ⊺
(
µP,t +

(
1

γ
− 1

)
ΣP,tρPA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+

1

2

(
1

γ
− 1

)
θ⊺ΣP,t

(
γI + (1− γ)ρPA,tPΣ⊺

A,t
ρ⊺PA,t

)
Σ⊺

P,tθ

+
1

2
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

)))

− (∂Xht)
⊺

(
µX,t +

(
1

γ
− 1

)
ΣX,t

(
ρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

−
(
γρXP,t + (1− γ)ρXA,tPΣ⊺

A,t
ρ⊺PA,t

)
Σ⊺

P,tθ

))

− 1

2
(1− γ)

(∂Xht)
⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t − I

)
Σ⊺

X,t∂Xht

ht

− 1

2
tr
(
∂XX⊺htΣX,tΣ

⊺
X,t

)
(A.21)

with boundary condition h(T,Xt;T, θ) = 1.

The PDE for h(t,Xt;T, θ) is a particular case of the semi-linear PDE from Definition 3
parametrized as

g
(
t,Xt;

Rt = −δt
γ
+

1− γ

γ

(
rt +

1

2

(µA,t − rt1)
⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

γ

− θ⊺
(
µP,t +

(
1

γ
− 1

)
ΣP,tρPA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+

1

2

1− γ

γ
θ⊺ΣP,t

(
γI + (1− γ)ρPA,tPΣ⊺

A,t
ρ⊺PA,t

)
Σ⊺

P,tθ

+
1

2
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

))
,

Bt = µX,t +

(
1

γ
− 1

)
ΣX,t

(
ρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

−
(
γρXP,t + (1− γ)ρXA,tPΣ⊺

A,t
ρ⊺PA,t

)
Σ⊺

P,tθ

)
,

Ct = ΣX,t

(
γI + (1− γ)ρXA,tPΣ⊺

A,t
ρ⊺XA,t

)
Σ⊺

X,t,

Dt = ΣX,tΣ
⊺
X,t

)
(A.22)

with boundary condition g(T,Xt) = 1.
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The matrices Ct and Dt are symmetric and at least positive semi-definite. In the case of
Ct, notice that when formulated in this way

Ct = ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t + γ

(
I − ρXA,tPΣ⊺

A,t
ρ⊺XA,t

))
Σ⊺

X,t

we only need to show that I−ρXA,tPΣ⊺
A,t
ρ⊺XA,t is positive semi-definite. Since the each standard

Brownian motion vector ZX,t and ZA,t is composed of orthogonal components, auto-covariance
and auto-correlation coincide, e.g. ρXX,t = I, and ZX,t can be decomposed using its projection
to ZA,t and a complementary orthogonal standard Brownian motion vector ZĀ,t

ρXX,t =I = ρXA,tPΣ⊺
A,t
ρ⊺XA,t + ρXĀ,tρ

⊺
XĀ,t

.

Thus

I − ρXA,tPΣ⊺
A,t
ρ⊺XA,t = ρXĀ,tρ

⊺
XĀ,t

is positive semi-definite.

Section A.21 explains how to reduce the semi-linear PDE to a system of Riccati ODEs when
parameters satisfy a quadratic structure in state. In that case, Rt, Bt, Ct, Dt can be constructed
from the following building blocks

(δt) = αδ + βδ p X
p+ Xp η

p
h ωh

δ m ηmq X
q

(rt) = αr + βr p X
p+ Xp η

p
h ωh

r m ηmq X
q

(Λ⊺
tPΣ⊺

A,t
Λt) = α̃A + β̃A p X

p+ Xp η
p

h ω̃h
A m ηmq X

q

(µP,t)
k = αk

P + βk
P p X

p+ Xp η
p

h ωkh
P m ηmq X

q(
ΣP,tρPA,tPΣ⊺

A,t
Λt

)k
= αk

ΣPA + βk
ΣPA p X

p+ Xp η
p

h ωkh
ΣPA m ηmq X

q(
ΣP,tρPA,tPΣ⊺

A,t
ρ⊺PA,tΣ

⊺
P,t

)k
l
= α̃k

ΣP l+ β̃k
ΣP lp X

p+ Xp η
p

h ω̃k h
ΣP l m ηmq X

q(
ΣP,tΣ

⊺
P,t

)k
l
= αk

ΣP l+ βk
ΣP lp X

p+ Xp η
p

h ωk h
ΣP l m ηmq X

q

(µX,t)
k = αk

X − βk
X p X

p+ Xp η
p

h ωkh
X m ηmq X

q(
ΣX,tρXA,tPΣ⊺

A,t
Λt

)k
= αk

ΣXA + βk
ΣXA p X

p+ Xp η
p

h ωkh
ΣXA m ηmq X

q(
ΣX,tρXP,tΣ

⊺
P,t

)k
l
= αk

ΣXΣP l+ βk
ΣXΣP lp X

p+Xp η
p

h ωk h
ΣXΣP l m ηmq X

q(
ΣX,tρXA,tPΣ⊺

A,t
ρ⊺PA,tΣ

⊺
P,t

)k
l
= α̃k

ΣXΣP l+ β̃k
ΣXΣP lp X

p+Xp η
p

h ω̃k h
ΣXΣP l m ηmq X

q(
ΣX,tρXA,tPΣ⊺

A,t
ρ⊺XA,tΣ

⊺
X,t

)k
l
= α̃k

ΣX l+ β̃k
ΣX lp X

p+ Xp η
p

h ω̃k h
ΣX l m ηmq X

q(
ΣX,tΣ

⊺
X,t

)k
l
= αk

ΣX l+ βk
ΣX lp X

p+ Xp η
p

h ωk h
ΣX l m ηmq X

q

(A.23)

where

Λ⊺
tPΣ⊺

A,t
Λt =(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

ΣP,tρPA,tPΣ⊺
A,t
Λt =ΣP,tρPA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

ΣX,tρXA,tPΣ⊺
A,t
Λt =ΣX,tρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)
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by the no arbitrage constraint (3).

Section A.22 shows how to explicitly solve the diagonalized version of the aforementioned
Riccati ODEs for an ample range of cases.

An explicit solution with intermediate consumption ε1 ̸= 0 arises when assuming that either
γ → 1 or that markets are complete enough to satisfy at all times

0 =
1

2
(1− γ)

(∂Xft)
⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t − I

)
Σ⊺

X,t∂Xft

f(t,Xt, Pt)

+
1

2
(1− γ)

(∂Pft)
⊺ diag(Pt)ΣP,t

(
ρPA,tPΣ⊺

A,t
ρ⊺PA,t − I

)
Σ⊺

P,t diag(Pt)∂Pft

f(t,Xt, Pt)

+ (1− γ)
(∂Xft)

⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺PA,t − ρXP,t

)
Σ⊺

P,t diag(Pt)∂Pft

f(t,Xt, Pt)
(A.24)

By Lemma 2, the second clause requires f(t,Xt, Pt) to be replicable when γ ̸= 1. Now for this
case consider the following ansatz

f(t,Xt, Pt) =ε
1
γ

2

(
P ⋆
θ,t

)1− 1
γ ĥ(t,Xt;T ) + ε

1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ

∫ T

t

h̃(t,Xt; s) ds (A.25)

we can replace them in PDE (A.19) to arrive at

0 =ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ

·

(
1−

1︷ ︸︸ ︷
h̃(t,Xt; t)

−
∫ T

t

(
− ∂th̃t;s

+ h̃t;s

δt − (1− γ)

(
rt +

1
2

(µA,t−rt1)⊺(ΣA,tΣ
⊺
A,t)

−1
(µA,t−rt1)

γ

)
γ

+ h̃t;s

(
µ⊺
P,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t

)
θ̃

(
1

γ
− 1

)
− h̃t;s

1

2

(
1

γ
− 1

)2

θ̃⊺ΣP,tΣ
⊺
P,tθ̃

− h̃t;s
1

2

(
1

γ
− 1

)
tr
(
diag

(
θ̃
)
ΣP,tΣ

⊺
P,t

)
−
(
µ⊺
X,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

)
∂X h̃t;s

+

(
1

γ
− 1

)
(∂X h̃t;s)

⊺ΣX,tρXP,tΣ
⊺
P,tθ̃ −

1

2
tr
(
∂XX⊺h̃t;sΣX,tΣ

⊺
X,t

))
ds

)
︸ ︷︷ ︸

0
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− ε
1
γ

2

(
P ⋆
θ,t

)1− 1
γ

(
− ∂tĥt

+ ĥt

δt − (1− γ)

(
rt +

1
2

(µA,t−rt1)⊺(ΣA,tΣ
⊺
A,t)

−1
(µA,t−rt1)

γ

)
γ

+ ĥt

(
µ⊺
P,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t

)
θ

(
1

γ
− 1

)
− ĥt

1

2

(
1

γ
− 1

)2

θ⊺ΣP,tΣ
⊺
P,tθ

− ĥt
1

2

(
1

γ
− 1

)
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

)
−
(
µ⊺
X,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

)
∂X ĥt

+

(
1

γ
− 1

)
(∂X ĥt)

⊺ΣX,tρXP,tΣ
⊺
P,tθ −

1

2
tr
(
∂XX⊺ĥtΣX,tΣ

⊺
X,t

))

We can see that, on the one hand the terms multiplying ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ
must be zero, and on the

other hand the terms multiplying ε
1
γ

2

(
P ⋆
θ,t

)1− 1
γ must be zero, for the PDE to hold for any Pt, θ̃

and θ. Thus, we can reformulate the former PDE into this one for h̃(t,Xt;T )

∂th̃t =h̃t

(
δt
γ
−
(
1

γ
− 1

)(
rt +

1

2

(µA,t − rt1)
⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

γ

− θ̃⊺
(
µP,t +

(
1

γ
− 1

)
ΣP,tρPA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+
1

2

(
1

γ
− 1

)
θ̃⊺ΣP,tΣ

⊺
P,tθ̃ +

1

2
tr
(
diag

(
θ̃
)
ΣP,tΣ

⊺
P,t

)))

− (∂X h̃t)
⊺

(
µX,t +

(
1

γ
− 1

)
ΣX,t

(
ρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)− ρXP,tΣ

⊺
P,tθ̃
))

− 1

2
tr
(
∂XX⊺h̃tΣX,tΣ

⊺
X,t

)
with boundary condition h̃(s,Xt; s) = 1 at any terminal date s ∈ [t, T ], and this other one for
ĥ(t,Xt;T )

∂tĥt =ĥt

(
δt
γ
−
(
1

γ
− 1

)(
rt +

1

2

(µA,t − rt1)
⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

γ

− θ⊺
(
µP,t +

(
1

γ
− 1

)
ΣP,tρPA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+
1

2

(
1

γ
− 1

)
θ⊺ΣP,tΣ

⊺
P,tθ +

1

2
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

)))

− (∂X ĥt)
⊺

(
µX,t +

(
1

γ
− 1

)
ΣX,t

(
ρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)− ρXP,tΣ

⊺
P,tθ
))

− 1

2
tr
(
∂XX⊺ĥtΣX,tΣ

⊺
X,t

)
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with boundary condition ĥ(T,Xt;T ) = 1. Both of these PDEs are particular cases of h(t,Xt;T, θ)
from (A.21) inheriting its closed form solutions. They just use different parameter values and
are conditioned by the restrictions assumed at (A.24).

Another explicit solution with intermediate consumption ε1 ̸= 0 arises when assuming that
θ̃ = θ and markets are complete enough to satisfy at all times

0 =
1

2
(1− γ)

(∂Xft)
⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t − I

)
Σ⊺

X,t∂Xft

f(t,Xt, Pt)
(A.26)

By Lemma 2, the second clause requires (∂Xft)
⊺ΣX,t dZX,t be replicable when γ ̸= 1. Now for

this case consider the following ansatz

f(t,Xt, Pt) =
(
P ⋆
θ,t

)1− 1
γ

(
ε

1
γ

2 ȟ(t,Xt;T ) + ε
1
γ

1

∫ T

t

ȟ(t,Xt; s) ds

)
, (A.27)

we can replace it in PDE (A.19) to arrive at

0 =ε
1
γ

1

(
P ⋆
θ,t

)1− 1
γ

·

(
1−

1︷ ︸︸ ︷
ȟ(t,Xt; t)

−
∫ T

t

(
− ∂tȟt;s

+ ȟt;s

δt − (1− γ)

(
rt +

1
2

(µA,t−rt1)⊺(ΣA,tΣ
⊺
A,t)

−1
(µA,t−rt1)

γ

)
γ

+ ȟt;s

(
µ⊺
P,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t

)
θ

(
1

γ
− 1

)
− ȟt;s

1

2

(
1

γ
− 1

)2

θ⊺ΣP,tΣ
⊺
P,tθ

− ȟt;s
1

2

(
1

γ
− 1

)
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

)
− ȟt;s

1

2
(1− γ)

(
1

γ
− 1

)2

θ⊺ΣP,t

(
ρPA,tPΣ⊺

A,t
ρ⊺PA,t − I

)
Σ⊺

P,tθ

− ȟt;s
1

2
(1− γ)

(
1

γ
− 1

)2

θ⊺ΣP,t

(
ρPA,tPΣ⊺

A,t
ρ⊺PA,t − I

)
Σ⊺

P,tθ

+ (1− γ)

(
1

γ
− 1

)
(∂X ȟt;s)

⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺PA,t − ρXP,t

)
Σ⊺

P,tθ

−
(
µ⊺
X,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

)
∂X ȟt;s

+

(
1

γ
− 1

)
(∂X ȟt;s)

⊺ΣX,tρXP,tΣ
⊺
P,tθ −

1

2
tr
(
∂XX⊺ȟt;sΣX,tΣ

⊺
X,t

))
ds

)
︸ ︷︷ ︸

0
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− ε
1
γ

2

(
P ⋆
θ,t

)1− 1
γ

(
− ∂tȟt

+ ȟt

δt − (1− γ)

(
rt +

1
2

(µA,t−rt1)⊺(ΣA,tΣ
⊺
A,t)

−1
(µA,t−rt1)

γ

)
γ

+ ȟt

(
µ⊺
P,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
PA,tΣ

⊺
P,t

)
θ

(
1

γ
− 1

)
− ȟt

1

2

(
1

γ
− 1

)2

θ⊺ΣP,tΣ
⊺
P,tθ

− ȟt
1

2

(
1

γ
− 1

)
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

)
− ȟt

1

2
(1− γ)

(
1

γ
− 1

)2

θ⊺ΣP,t

(
ρPA,tPΣ⊺

A,t
ρ⊺PA,t − I

)
Σ⊺

P,tθ

+ (1− γ)

(
1

γ
− 1

)
(∂X ȟt)

⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺PA,t − ρXP,t

)
Σ⊺

P,tθ

−
(
µ⊺
X,t +

1− γ

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,tρ

⊺
XA,tΣ

⊺
X,t

)
∂X ȟt

+

(
1

γ
− 1

)
(∂X ȟt)

⊺ΣX,tρXP,tΣ
⊺
P,tθ −

1

2
tr
(
∂XX⊺ȟtΣX,tΣ

⊺
X,t

))

We can see that terms multiplying ε
1
γ

1 and ε
1
γ

2 must be zero, and both imply identical dynamics
for ȟ(t,Xt; s). Thus, we can reformulate the former PDE into a PDE for ȟ(t,Xt;T )

∂tȟt =ȟt

(
δt
γ
−
(
1

γ
− 1

)(
rt +

1

2

(µA,t − rt1)
⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

γ

− θ⊺
(
µP,t +

(
1

γ
− 1

)
ΣP,tρPA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+

1

2

(
1

γ
− 1

)
θ⊺ΣP,t

(
γI + (1− γ)ρPA,tPΣ⊺

A,t
ρ⊺PA,t

)
Σ⊺

P,tθ

+
1

2
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

)))

− (∂X ȟt)
⊺

(
µX,t +

(
1

γ
− 1

)
ΣX,t

(
ρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

−
(
γρXP,t + (1− γ)ρXA,tPΣ⊺

A,t
ρ⊺PA,t

)
Σ⊺

P,tθ

))
− 1

2
tr
(
∂XX⊺ȟtΣX,tΣ

⊺
X,t

)
with boundary condition ȟ(s,Xt; s) = 1 at any terminal date s ∈ [t, T ], which is just a particular
case of h(t,Xt;T, θ) from (A.21) inheriting its closed form solutions. The only differences is
that it is conditioned by the restrictions assumed at (A.26).

Solution to Υ(t,Xt, Qt). The terms multiplying Jt(1−γ)
Wt+Υt

in (A.16) have a trivial solution
when Qt = 0 at all times, making Υ(t,Xt, Qt) = 0. Otherwise, they can give rise to a PDE for
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Υ(t,Xt, Qt) under appropriate conditions.

To remove dependencies on Wt, markets need to be complete enough to satisfy at all times

0 =
1

2
(∂XΥt)

⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺XA,t − I

)
Σ⊺

X,t∂XΥt

+ (∂XΥt)
⊺ΣX,t

(
ρXA,tPΣ⊺

A,t
ρ⊺QA,t − ρXQ,t

)
Σ⊺

Q,tQt∂QΥt

+
1

2
∂QΥtQtΣQ,t

(
ρQA,tPΣ⊺

A,t
ρ⊺QA,t − I

)
Σ⊺

Q,tQt∂QΥt. (A.28)

By Lemma 2, this condition requires Υt to be replicable.

To remove dependencies on Pt, markets need to be complete enough to satisfy at all times

0 =
(∂Xft)

⊺

ft
ΣX,t

(
I − ρXA,tPΣ⊺

A,t
ρ⊺XA,t

)
Σ⊺

X,t∂XΥt

+
(∂Pft)

⊺

ft
diag(Pt)ΣP,t

(
ρ⊺XP,t − ρPA,tPΣ⊺

A,t
ρ⊺XA,t

)
Σ⊺

X,t∂XΥt

+
(∂Xft)

⊺

ft
ΣX,t

(
ρXQ,t − ρXA,tPΣ⊺

A,t
ρ⊺QA,t

)
Σ⊺

Q,tQt∂QΥt

+
(∂Pft)

⊺

ft
diag(Pt)ΣP,t

(
ρPQ,t − ρPA,tPΣ⊺

A,t
ρ⊺QA,t

)
Σ⊺

Q,tQt∂QΥt (A.29)

Since Υt is assumed to be replicable, it can be rewritten as the expression below and the
multiplication against the asset market residual makes it zero

0 = ((∂XΥt)
⊺ΣX,tρXA,t + (∂QΥt)QtΣQ,tρQA,t)

(
I − PΣ⊺

A,t

)
︸ ︷︷ ︸

0

(
(∂Xft)

⊺

ft
ΣX,tρXA,t

+
(∂Pft)

⊺

ft
diag(Pt)ΣP,tρPA,t

)⊺

Under these conditions the PDE for Υ(t,Xt, Qt) simplifies to

0 =∂tΥt −Υ(t,Xt, Qt)rt +Qt1t≤TR

+ (∂XΥt)
⊺
(
µX,t − ΣX,tρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+ ∂QΥtQt

(
µQ,t − ΣQ,tρQA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+

1

2
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
+

1

2
tr
(
∂QQ⊺ΥtQtΣQ,tΣ

⊺
Q,tQt

)
+ (∂XQΥt)

⊺QtΣX,tρXQ,tΣ
⊺
Q,t (A.30)

with boundary condition Υ(T,Xt, Qt) = 0.

The time derivative implied by this PDE has two stages, one for t ≤ TR and another for
t > TR. At time T the boundary condition Υ(T,Xt, Qt) = 0 implies that ∂tΥt|t=T = 0.
By backwards induction we can see that this relation holds steady during the second stage
t ∈ (TR, T ], making Υ zero and in particular Υ(TR, XTR

, QTR
) = 0. Thus Υ(t,Xt, Qt) is the
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solution to the first stage PDE

0 =∂tΥt −Υ(t,Xt, Qt)rt +Qt

+ (∂XΥt)
⊺
(
µX,t − ΣX,tρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+ ∂QΥtQt

(
µQ,t − ΣQ,tρQA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+

1

2
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
+

1

2
tr
(
∂QQ⊺ΥtQtΣQ,tΣ

⊺
Q,tQt

)
+ (∂XQΥt)

⊺QtΣX,tρXQ,tΣ
⊺
Q,t

with boundary condition Υ(TR, Xt, Qt) = 0 and it stays at zero thereafter t ∈ (TR, T ].

By the no arbitrage constraint (3)

((∂XΥt)
⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t) Σ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

= ((∂XΥt)
⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t)PΣ⊺

A,t
Λt.

Price Υt is assumed to be both replicable and spanned by asset risk factors (Lemma 1), so
combining (4) and (5) implies that

((∂XΥt)
⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t)PΣ⊺

A,t
=(∂XΥt)

⊺ΣX,tρXA,t + ∂QΥtQtΣQ,tρQA,t

making the PDE equal to

0 =∂tΥt −Υtrt +Qt + (∂XΥt)
⊺ (µX,t − ΣX,tρXA,tΛt) + ∂QΥtQt (µQ,t − ΣQ,tρQA,tΛt)

+
1

2
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
+

1

2
tr
(
∂QQ⊺ΥtQtΣQ,tΣ

⊺
Q,tQt

)
+ (∂XQΥt)

⊺QtΣX,tρXQ,tΣ
⊺
Q,t.

This solution coincides with the payoff stream Υ(t,Xt, Qt;TR) in (A.7) from Lemma 4 and
inherits its closed form solutions. Note that the equivalence Qt∂QΥt = Υ(t,Xt, Qt;TR) from
Lemma 4 can be replaced into (A.18), obtaining (27).

A.12 Proof of future consumption price in complete markets, Re-
mark 3

In Proposition 2 when markets are complete enough to replicate f(t,Xt, Pt) and h(t,Xt;T, θ),
terms (A.24) dissappear

0 =
1

2
ft

(
(∂Xft)

⊺

ft
ΣX,tρXA,t +

(∂Pft)
⊺

ft
diag(Pt)ΣP,tρPA,t

)
·
(
PΣ⊺

A,t
− I
)(

ρ⊺XA,tΣ
⊺
X,t

∂Xft
ft

+ ρ⊺PA,tΣ
⊺
P,t diag(Pt)

∂Pft
ft

)
and PDE (A.21) for h(t,Xt;T, θ) becomes

0 =∂tht + ht

(
µQ̂,t − rt − ΣQ̂,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
+ (∂Xht)

⊺
(
µX,t + ΣX,t

(
ρXA,tΣ

⊺

Q̂,t
− ρXA,tΣ

⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

))
+

1

2
tr
(
∂XX⊺htΣX,tΣ

⊺
X,t

)
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where

ΣQ̂,t =
1

γ
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t −

1− γ

γ
θΣP,tρPA,tPΣ⊺

A,t

µQ̂,t =− δt
γ
+

1

γ

(
rt +

1

2
(µA,t − rt1)

⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

)
− 1− γ

γ

(
θ⊺µP,t −

1

2
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

))
+

1

2
ΣQ̂,tΣ

⊺

Q̂,t
.

Using the no arbitrage constraint (3) and idempotency of the projection matrix PΣ⊺
A,t
, the

PDE becomes

0 =∂tht + ht

(
µQ̂,t − rt − ΣQ̂,tΛt

)
+ (∂Xht)

⊺
(
µX,t + ΣX,t

(
ρXA,tΣ

⊺

Q̂,t
− ρXA,tPΣ⊺

A,t
Λt

))
+

1

2
tr
(
∂XX⊺htΣX,tΣ

⊺
X,t

)
Applying Itô’s lemma to h(t,Xt;T, θ) shows that

dht =∂tht dt+ (∂Xht)
⊺ (µX,t dt+ ΣX,t dZX,t) +

1

2
tr
(
∂XX⊺htΣX,tΣ

⊺
X,t

)
dt

h(t,Xt;T, θ) is assumed to be both replicable and spanned by asset risk factors (Lemma 1), so
combining (4) and (5) implies that

(∂Xht)
⊺ΣX,tρXA,tPΣ⊺

A,t
= (∂Xht)

⊺ΣX,tρXA,t.

and replacing this term in the previous PDE yields

0 =∂tht + ht

(
µQ̂,t − rt − ΣQ̂,tΛt

)
+ (∂Xht)

⊺
(
µX,t + ΣX,t

(
ρXA,tΣ

⊺

Q̂,t
− ρXA,tΛt

))
+

1

2
tr
(
∂XX⊺htΣX,tΣ

⊺
X,t

)
.

That PDE is equivalent to Ω̃(t,Xt; s) from PDE (8) for a payoff process Q̂t with dynamics

dQ̂t

Q̂t

=µQ̂,t dt+ ΣQ̂,t dZA,t

Applying a log-transformation and reformulating in terms of the mean-variance efficient port-
folio Ãt process from Remark 2, dynamics simplify to

d log
(
Q̂t

)
=− δt dt

γ
+

d log
(
Ãt

)
γ

− 1− γ

γ
θ⊺ d log(Pt)

which can be integrated as

Q̂T =Q̂t

(
e−

∫ T
t δsds

ÃT

Ãt

) 1
γ

e(1−
1
γ )θ⊺(log(PT )−log(Pt))

and reformulated in terms of P ⋆
θ,t

Q̂T =Q̂t

(
e−

∫ T
t δsds

ÃT

Ãt

) 1
γ
(
P ⋆
θ,T

P ⋆
θ,t

)1− 1
γ

.
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A.13 Proof of wealth under optimal policy, Remark 4

Wealth dynamics are given in (18)

dWt

Wt

=(Qt1t≤TR
− c⋆t ) dt+Wt (rt dt+ π⋆⊺

t ((µA,t − rt1) dt+ ΣA,t dZA,t))

and dynamics for human capital Υ(t,Xt, Qt;TR) are

dΥt =∂tΥt dt+ (∂XΥt)
⊺ (µX,t dt+ ΣX,t dZX,t) + ∂QΥtQt (µQ,t dt+ ΣQ,t dZQ,t) .

After plugging the optimal consumption rate c⋆t from (26) and the optimal investment strategy
π⋆
t from (27), the dynamics of log total wealth at t ∈ [t0, T ) become

d log(Wt +Υt)

=
Qt1t≤TR

+Wtrt
Wt +Υt

dt− ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ 1

f(t,Xt, Pt)
dt

+
(µA,t − rt1)

⊺

γ

(
ΣA,tΣ

⊺
A,t

)−1
((µA,t − rt1) dt+ ΣA,t dZA,t)

+

(
ρ⊺XA,tΣ

⊺
X,t∂X log(ft)

+ ρ⊺PA,tΣ
⊺
P,t diag(Pt)∂P log(ft)

− ρ⊺XA,tΣ
⊺
X,t

∂XΥt

Wt +Υt

−ρ⊺QA,tΣ
⊺
Q,t

Qt∂QΥt

Wt +Υt

)⊺

Σ⊺
A,t

(
ΣA,tΣ

⊺
A,t

)−1
((µA,t − rt1) dt+ ΣA,t dZA,t)

+
∂tΥt dt+ (∂XΥt)

⊺ (µX,t dt+ ΣX,t dZX,t) + ∂QΥtQt (µQ,t dt+ ΣQ,t dZQ,t)

Wt +Υt

+
1

2

(
tr
(
∂XX⊺ΥtΣX,tΣ

⊺
X,t

)
Wt +Υt

−
(∂XΥt)

⊺ΣX,tΣ
⊺
X,t∂XΥt

(Wt +Υt)2

)
dt

+
1

2

(
tr
(
∂QQ⊺ΥtQtΣQ,tΣ

⊺
Q,tQt

)
Wt +Υt

−
(∂QΥt)

2Q2
tΣQ,tΣ

⊺
Q,t

(Wt +Υt)2

)
dt

+

(
(∂XQΥt)

⊺QtΣX,tρXQ,tΣ
⊺
Q,t

Wt +Υt

−
(∂XΥt)

⊺ΣX,tρXQ,tΣ
⊺
Q,t∂QΥtQt

(Wt +Υt)2

)
dt

− 1

2

(µA,t − rt1)
⊺

γ

(
ΣA,tΣ

⊺
A,t

)−1 (µA,t − rt1)

γ
dt

− (µA,t − rt1)
⊺

γ

(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

(
ρ⊺XA,tΣ

⊺
X,t∂X log(ft) + ρ⊺PA,tΣ

⊺
P,t diag(Pt)∂P log(ft)

)
dt

− 1

2
(∂X log(ft))

⊺ΣX,tρXA,tPΣ⊺
A,t
ρ⊺XA,tΣ

⊺
X,t∂X log(ft) dt

− 1

2
(∂P log(ft))

⊺ diag(Pt)ΣP,tρPA,tPΣ⊺
A,t
ρ⊺PA,tΣ

⊺
P,t diag(Pt)∂P log(ft) dt

− (∂P log(ft))
⊺ diag(Pt)ΣP,tρPA,tPΣ⊺

A,t
ρ⊺XA,tΣ

⊺
X,t∂X log(ft) dt

+
1

2

(∂XΥt)
⊺ΣX,tρXA,tPΣ⊺

A,t
ρ⊺XA,tΣ

⊺
X,t∂XΥt

(Wt +Υt)2
dt

+
1

2

∂QΥtQtΣQ,tρQA,tPΣ⊺
A,t
ρ⊺QA,tΣ

⊺
Q,t∂QΥtQt

(Wt +Υt)2
dt
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+
∂QΥtQtΣQ,tρQA,tPΣ⊺

A,t
ρ⊺XA,tΣ

⊺
X,t∂XΥt

(Wt +Υt)2
dt

Substituting ∂tΥt from PDE (A.30) into dynamics for total wealth and invoking the as-
sumption that human capital is tradeable yield

d log(Wt +Υt)

=rt dt− ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ 1

f(t,Xt, Pt)
dt

+
(µA,t − rt1)

⊺

γ

(
ΣA,tΣ

⊺
A,t

)−1
((µA,t − rt1) dt+ ΣA,t dZA,t)

− 1

2

(µA,t − rt1)
⊺

γ

(
ΣA,tΣ

⊺
A,t

)−1 (µA,t − rt1)

γ
dt

+
(
ρ⊺XA,tΣ

⊺
X,t∂X log(ft)

+ ρ⊺PA,tΣ
⊺
P,t diag(Pt)∂P log(ft)

)⊺
Σ⊺

A,t

(
ΣA,tΣ

⊺
A,t

)−1
((µA,t − rt1) dt+ ΣA,t dZA,t)

− 1

2

(
ρ⊺PA,tΣ

⊺
P,t diag(Pt)∂P log(ft)

+ρ⊺XA,tΣ
⊺
X,t∂X log(ft)

)
PΣ⊺

A,t

(
ρ⊺PA,tΣ

⊺
P,t diag(Pt)∂P log(ft)

+ρ⊺XA,tΣ
⊺
X,t∂X log(ft)

)
dt

− (µA,t − rt1)
⊺

γ

(
ΣA,tΣ

⊺
A,t

)−1
ΣA,t

(
ρ⊺XA,tΣ

⊺
X,t∂X log(ft) + ρ⊺PA,tΣ

⊺
P,t diag(Pt)∂P log(ft)

)
dt

Dynamics of log(ft) at t ∈ [t0, T ) are

dlog(ft) =
∂tft
ft

dt+
(∂Xft)

⊺

ft
dXt +

(∂Pft)
⊺

ft
dPt

+
1

2
tr

((
∂XX⊺ft

ft
− ∂Xft

ft

(∂Xft)
⊺

ft

)
d[Xt, Xt]

)
+

1

2
tr

((
∂PP ⊺ft

ft
− ∂Pft

ft

(∂Pft)
⊺

ft

)
d[Pt, Pt]

)
+ tr

((
(∂XP ⊺ft)

⊺

ft
− ∂Pft

ft

(∂Xft)
⊺

ft

)
d[Xt, Pt]

)
.

47



Substitute ∂tft from PDE (A.19) and we arrive at

dlog(ft) =
(
ρ⊺XA,tΣ

⊺
X,t∂X log(ft)

+ ρ⊺PA,tΣ
⊺
P,t diag(Pt)∂P log(ft)

)⊺
Σ⊺

A,t

(
ΣA,tΣ

⊺
A,t

)−1
((µA,t − rt1) dt+ ΣA,t dZA,t)

+
(∂Xft)

⊺

ft

(
dXt − µX,t dt− ΣX,tρXA,tPΣ⊺

A,t
dZA,t

)
+

(∂Pft)
⊺

ft

(
dPt − diag(Pt)µP,t dt− diag(Pt)ΣP,tρPA,tPΣ⊺

A,t
dZA,t

)
−
(
(∂Xft)

⊺

ft
ΣX,tρXA,t +

(∂Pft)
⊺

ft
diag(Pt)ΣP,tρPA,t

)
Σ⊺

A,t

(
ΣA,tΣ

⊺
A,t

)−1 (µA,t − rt1)

γ
dt

− ε
1
γ

1

(
P ⋆
θ̃,t

)1− 1
γ 1

ft
dt

+

δt − (1− γ)

(
rt +

1
2

(µA,t−rt1)⊺(ΣA,tΣ
⊺
A,t)

−1
(µA,t−rt1)

γ

)
γ

dt

− 1

2

(1− γ)

f(t,Xt, Pt)2

(
(∂Pft)

⊺ diag(Pt)ΣP,tρPA,t

+(∂Xft)
⊺ΣX,tρXA,t

)
PΣ⊺

A,t

(
(∂Pft)

⊺ diag(Pt)ΣP,tρPA,t

+(∂Xft)
⊺ΣX,tρXA,t

)
dt

− γ

(
1

2

(∂Xft)
⊺ d[Xt, Xt] ∂Xft

f(t,Xt, Pt)2
+

1

2

(∂Pft)
⊺ d[Pt, Pt] ∂Pft

f(t,Xt, Pt)2

+
(∂Xft)

⊺ d[Xt, Pt] ∂Pft
f(t,Xt, Pt)2

)
dt

where, in relation to the first line, pairs of offsetting terms were strategically to make the next
substitutions easier. Isolating those first line items and substituting them into the log total
wealth dynamics, we arrive at

d log(Wt +Υt) =dlog(ft)−
δt
γ
dt

+
rt dt+ (µA,t − rt1)

⊺ (ΣA,tΣ
⊺
A,t

)−1
((µA,t − rt1) dt+ ΣA,t dZA,t)

γ

− 1

2

(µA,t − rt1)
⊺
(
ΣA,tΣ

⊺
A,t

)−1
(µA,t − rt1)

γ
dt

−
(
(∂Xft)

⊺

ft
ΣX,t dZX,t +

(∂Pft)
⊺

ft
diag(Pt)ΣP,t dZP,t

)
+ γ

(
1

2

(∂Xft)
⊺ d[Xt, Xt] ∂Xft

f(t,Xt, Pt)2
+

1

2

(∂Pft)
⊺ d[Pt, Pt] ∂Pft

f(t,Xt, Pt)2

+
(∂Xft)

⊺ d[Xt, Pt] ∂Pft
f(t,Xt, Pt)2

)
dt

+

(
(∂Xft)

⊺

ft
ΣX,tρXA,t +

(∂Pft)
⊺

ft
diag(Pt)ΣP,tρPA,t

)
PΣ⊺

A,t
dZA,t
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− γ
1

2

(
(∂Pft)

⊺ diag(Pt)ΣP,tρPA,t

+(∂Xft)
⊺ΣX,tρXA,t

)PΣ⊺
A,t

f 2
t

(
(∂Pft)

⊺ diag(Pt)ΣP,tρPA,t

+(∂Xft)
⊺ΣX,tρXA,t

)
dt

Using processes ζt, ζ̃t defined in (30) and Ãt from Remark 2, the dynamics of log total wealth
simplify to

d log(Wt +Υt) =dlog(ft)−
δt
γ
dt+

1

γ
d log

(
Ãt

)
+

dζ̃t

ζ̃t
− γ

1

2

d[ζ̃t, ζ̃t]

ζ̃2t
−
(
dζt
ζt

− γ
1

2

d[ζt, ζt]

ζ2t

)
(A.31)

and more concisely

d log(Wt +Υt) =dlog(ft)−
δt
γ
dt+

1

γ
d log

(
Ãt

)
+

1

1− γ

(
dζ̃1−γ

t

ζ̃1−γ
t

− dζ1−γ
t

ζ1−γ
t

)

which integrates to

Wt +Υt

ft
=

(
Wt0 +Υt0

ft0

)(
e
−
∫ t
t0

δsds Ãt

Ãt0

) 1
γ

exp

(
1

1− γ

(∫ t

t0

dζ̃1−γ
s

ζ̃1−γ
s

−
∫ t

t0

dζ1−γ
s

ζ1−γ
s

))

The bundle consumption rate from Lemma 7 under the optimal consumption policy c⋆t from
(26) becomes

v⋆t = v(c⋆t , Pt, θ̃) =ε
1
γ

1

(
P ⋆
θ̃,t

)− 1
γ Wt0 +Υt0

ft0

(
e
−
∫ t
t0

δsds Ãt

Ãt0

) 1
γ

exp

∫ t

t0

dζ̃1−γ
s

ζ̃1−γ
s

−
∫ t

t0

dζ1−γ
s

ζ1−γ
s

1− γ


implying that

v⋆t =v⋆t0

(
e
−
∫ t
t0

δsds
P ⋆
θ̃,t0

P ⋆
θ̃,t

Ãt

Ãt0

) 1
γ

exp

∫ t

t0

dζ̃1−γ
s

ζ̃1−γ
s

−
∫ t

t0

dζ1−γ
s

ζ1−γ
s

1− γ

.

When γ → 1 one can derive an equivalent expression starting from (A.31) where

exp

∫ t

t0

dζ̃1−γ
s

ζ̃1−γ
s

−
∫ t

t0

dζ1−γ
s

ζ1−γ
s

1− γ

→ ζ̃t

ζ̃t0

ζt0
ζt
.

A.14 Proof of stationary lifecycle paths, Theorem 1

First I would like to draw attention towards the structure of problem (35). Parameters at
time t depend only on contemporaneous age t− t0 and state Xt. Probabilities of future states
conditional on filtration depend only on current state Xt since the state process of this model
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is Markovian. The only extra problem variable to be tracked is current wealth to reference
income ratio W̃t. Therefore optimal policies only need to depend on age t − t0, state Xt and
W̃t.

At t0 indirect utility is

J(0, e
νWt0 , Xt0)

where the individual has age 0 and νWt0
is the log of initial-wealth-to-reference-process ratio

which only depends on Xt0 . From this point onwards, lifepath processes (37) can be character-
ized as pure mapping functions of current age t− t0 and of realized paths comprising the state
Xt path and the paths of increments followed by ZA,t and ZY,t since t0{

X[t0,t],∆ZA,[t0,t],∆ZY,[t0,t]

}
. (A.32)

The pushforward distributions of paths for lifecycle processes (37) are mappings over the
distribution of state paths, asset return increment paths and reference process increment paths
(A.32). When these state and increment processes are stationary (36), then by Kallenberg
(2021, Lemma 25.1) the distributions of lifecycle paths associated to processes (37) are also
stationary.

This characterization holds also under relaxed assumptions allowing parameters τT,t0 , τR,t0 ,
γ, θ, θ̃, ε1, ε2 to depend on Xt0 . These parameters are already resolved at t0 when the individual
starts making decisions, so the problem conditional on these parameters is still equivalent to
(35).

It even holds when modelling τT,t, τR,t as random stopping times given by the first arrival
since t0 of their respective Poisson process NT,t and NR,t with non-negative hazard rate process
λT,t := λT (t − t0, Xt) and λR,t := λR(t − t0, Xt) dependent on age t − t0 and state Xt. In this
case, the terminal and retirement stopping times become

τT,t = inf{m|m > t0 and NT,m −NT,t0 ≥ 1}
τR,t = inf{m|m > t0 and (NR,m −NR,t0 ≥ 1 or NT,m −NT,t0 ≥ 1)}.

Compared to problem (35), the state space includes now extra information related to these
jumps, i.e. J(t − t0, W̃t, Xt, NT,t − NT,t0 , NR,t − NR,t0). Lifepath processes (37) can be still
characterized as pure mapping functions of current age t− t0 and the following realized paths{

X[t0,t],∆ZA,[t0,t],∆ZY,[t0,t],∆NT,[t0,t],∆NR,[t0,t]

}
. (A.33)

Since the intensity of jump processes NT,t, NR,t depends only on age t− t0 and state Xt, then
stationarity in (A.32) implies that (A.33) is also stationary.

A.15 Proof of deterministic lifecycle processes under extreme risk
aversion, Corollary 2

First, Qt

Yt
= eνQ,t becomes an age t − t0 dependent function after removing the state Xt.

P ⋆
θ,t

Yt
,

P ⋆
θ̃,t

Yt
become constant when there is no state process Xt and

c⋆t
P ⋆
θ̃,t

= v(c⋆t , Pt, θ̃) is already shown

to be constant in Remark 5. From this, it follows that c̃⋆t =
c⋆t
P ⋆
θ̃,t

P ⋆
θ̃,t

Yt
is constant as well.
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Under stated assumptions and with time horizon τR,t = TR − t, PDE (8) characterizes a
price multiplier Ω̄(t − t0; τR,t) with boundary condition Ω̄(TR − t0; 0) = 1 that only depends
on age t − t0 but not directly depend on time or Xt. Notice that the time horizon τT,t is a
deterministic function of age t − t0 in this setup. Then from Lemma 4, the right hand side of
the following equation depends only on age t− t0

Υ(t,Xt, Qt;TR)

Yt

=
Qt

Yt

∫ τR,t

0

Ω̃(t,Xt; t+ s) ds = eνQ,t

∫ τR,t

0

Ω̄(t− t0; s) ds

Under stated assumptions and with time horizon τT,t, PDE (A.21) characterizes a price
multiplier h̄(t − t0; τT,t) with boundary condition h̄(T − t0; 0) = 1 that only depends on age
t− t0 but not directly depend on time or Xt. Notice that the time horizon τT,t is a deterministic
function of age t − t0 in this setup. Then simplifying (28) using assumptions and previous
arguments, the right hand side of the following equation depends only on age t− t0

f(t,Xt, Pt)

Yt

=
P ⋆
θ,t

Yt

(
1ε2 ̸=0h(t,Xt; t+ τT,t, θ) + 1ε1 ̸=0

∫ τT,t

0

h(t,Xt; t+ s, θ) ds

)
=
P ⋆
θ,t

Yt

(
1ε2 ̸=0h̄(t− t0; τT,t, θ) + 1ε1 ̸=0

∫ τT,t

0

h̄(t− t0; s, θ) ds

)

From Remark 5

W̃t +
Υ(t,Xt,Qt;TR)

Yt

f(t,Xt,Pt)
Yt

=
Wt +Υ(t,Xt, Qt;TR)

f(t,Xt, Pt)
=

Wt0 +Υ(t0, Xt0 , Qt0 ;TR)

f(t0, Xt0 , Pt0)

so W̃t is a composition of the purely time dependent functions described before

W̃t =
Wt0 +Υ(t0, Xt0 , Qt0 ;TR)

f(t0, Xt0 , Pt0)

f(t,Xt, Pt)

Yt

− Υ(t,Xt, Qt;TR)

Yt

.

The process Jt from (35) becomes deterministic since there is no state Xt and its remaining
inputs are deterministic J(t− t0, W̃t).

Optimal investment strategy π⋆
t from (27) becomes constant

π⋆
t =(ΣAΣ

⊺
A)

−1ΣAρ
⊺
PAΣ

⊺
P diag(Pt)∂P log(ft)

W̃t +
Υt

Yt

W̃t

− (ΣAΣ
⊺
A)

−1ΣAρ
⊺
QAΣ

⊺
Q

Υt

Yt

W̃t

=(ΣAΣ
⊺
A)

−1ΣAρ
⊺
Y AΣ

⊺
Y

W̃t +
Υt

Yt

W̃t

− (ΣAΣ
⊺
A)

−1ΣAρ
⊺
Y AΣ

⊺
Y

Υt

Yt

W̃t

=(ΣAΣ
⊺
A)

−1ΣAρ
⊺
Y AΣ

⊺
Y .

A.16 Proof of equivalent initial wealth, Lemma 8

Because of strict monotonicity on initial wealth Wt, expected utility can replace initial wealth
in the minimization objective (33)

EW(t,Wt, Ht; π, π̄) = min
W̃

U(t, W̃ ,Ht; π̄)

s.t. U(t, W̃ ,Ht; π̄) ≥ U(t,Wt, Ht; π).
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The range of U does not depend on the strategy and the function is continuous on initial wealth,
so there exists a W̃ such that U(t, W̃ ,Ht; π̄) = U(t,Wt, Ht; π). This value coincides with the
minimum to the problem above and strict monotonicity makes the function invertible, thus the
equivalent initial wealth reduces to

EW(t,Wt, Ht; π, π̄) = (U(t, ·, Ht; π̄))
−1 (U(t,Wt, Ht; π)) .

A.17 Proof of expected utility with incomplete markets, Lemma 9

The Hamilton-Jacobi-Bellman equation can be derived following the steps of Section A.10 up
to (A.14). With ε1 = 0, ε2 = 1, Qt = 0, ct = 0 and for any arbitrary but finite π, we arrive at

0 =∂WUtWtπ
⊺
t (µA,t − rt1)

+
1

2
∂WWUtW

2
t π

⊺
tΣA,tΣ

⊺
A,tπt + (∂WXUt)

⊺ΣX,tρXA,tΣ
⊺
A,tπtWt

+ (∂WPUt)
⊺ diag(Pt)ΣP,tρPA,tΣ

⊺
A,tπtWt

− δtU(t,Wt, Xt, Pt; π) + ∂tUt + ∂WUtWtrt + (∂XUt)
⊺µX,t +

1

2
tr
(
∂XX⊺UtΣX,tΣ

⊺
X,t

)
+ (∂PUt)

⊺ diag(Pt)µP,t +
1

2
tr
(
∂PP ⊺Ut diag(Pt)ΣP,tΣ

⊺
P,t diag(Pt)

)
+ tr

(
(∂XP ⊺Ut)

⊺ΣX,tρXP,tΣ
⊺
P,t diag(Pt)

)
with boundary condition U(T,Wt, Xt, Pt; π) =

(
P ⋆
θ,t

)γ−1 W 1−γ
T

1−γ
.

Consider the following ansatz

U(t,Wt, Xt, Pt; π) =
W 1−γ

t

1− γ
f(t,Xt, Pt; π)

γ

then

0 =∂tft

− f(t,Xt, Pt; π)
δt − (1− γ)

(
rt + π⊺

t (µA,t − rt1)− γ 1
2
π⊺
tΣA,tΣ

⊺
A,tπt

)
γ

+ (∂Xft)
⊺
(
µX,t + (1− γ)ΣX,tρXA,tΣ

⊺
A,tπt

)
+ f(t,Xt, Pt; π)

1

2
tr
((
(γ − 1)f(t,Xt, Pt; π)

−2∂Xft(∂Xft)
⊺ + f(t,Xt, Pt; π)

−1∂XX⊺ft
)
ΣX,tΣ

⊺
X,t

)
+ (∂Pft)

⊺
(
diag(Pt)µP,t + (1− γ) diag(Pt)ΣP,tρPA,tΣ

⊺
A,tπt

)
+

1

2
tr
((
(γ − 1)f(t,Xt, Pt; π)

−1∂Pft(∂Pft)
⊺ + ∂PP ⊺ft

)
diag(Pt)ΣP,tΣ

⊺
P,t diag(Pt)

)
+ tr

((
(γ − 1)f(t,Xt, Pt; π)

−1∂Xft(∂Pft)
⊺ + ∂XP ⊺ft

)⊺
ΣX,tρXP,tΣ

⊺
P,t diag(Pt)

)
with boundary condition f(T,Xt, Pt; π) =

(
P ⋆
θ,t

)1− 1
γ .

Using the following ansatz

f(t,Xt, Pt; π) =
(
P ⋆
θ,t

)1− 1
γ h(t,Xt;T, θ, π)
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then

∂tht =h(t,Xt;T, θ, π)

(
δt
γ
−
(
1

γ
− 1

)(
rt + (µA,t − rt1)

⊺πt −
1

2
γπ⊺

tΣA,tΣ
⊺
A,tπt

− θ⊺
(
µP,t + (1− γ)ΣP,tρPA,tΣ

⊺
A,tπt

)
+

1

2
(1− γ)θ⊺ΣP,tΣ

⊺
P,tθ +

1

2
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

)))
− (∂Xht)

⊺
(
µX,t + (1− γ)ΣX,t

(
ρXA,tΣ

⊺
A,tπt − ρXP,tΣ

⊺
P,tθ
))

+
1

2
(1− γ)

(∂Xht)
⊺ΣX,tΣ

⊺
X,t∂Xht

h(t,Xt;T, θ, π)
− 1

2
tr
(
∂XX⊺htΣX,tΣ

⊺
X,t

)
(A.34)

with boundary condition h(T,Xt;T, θ, π) = 1.

The PDE for h(t,Xt;T, θ, π) is a particular case of the semi-linear PDE from Definition 3
parametrized as

g
(
t,Xt;

Rt = −δt
γ
+

(
1

γ
− 1

)(
rt + (µA,t − rt1)

⊺πt −
1

2
γπ⊺

tΣA,tΣ
⊺
A,tπt

− θ⊺
(
µP,t + (1− γ)ΣP,tρPA,tΣ

⊺
A,tπt

)
+

1

2
(1− γ)θ⊺ΣP,tΣ

⊺
P,tθ +

1

2
tr
(
diag (θ) ΣP,tΣ

⊺
P,t

))
,

Bt = µX,t + (1− γ)ΣX,t

(
ρXA,tΣ

⊺
A,tπt − ρXP,tΣ

⊺
P,tθ
)
,

Ct = γΣX,tΣ
⊺
X,t,

Dt = ΣX,tΣ
⊺
X,t

)
(A.35)

with boundary condition g(T,Xt) = 1.

Section A.21 explains how to reduce the semi-linear PDE to a system of Riccati ODEs when
parameters satisfy a quadratic structure in state. In that case, Rt, Bt, Ct, Dt can be constructed
from the following building blocks

(δt) = αδ + βδ p X
p+ Xp η

p
h ωh

δ m ηmq X
q

(rt) = αr + βr p X
p+ Xp η

p
h ωh

r m ηmq X
q

((µA,t − rt1)
⊺πt) = αA + βA p X

p+ Xp η
p

h ωh
A m ηmq X

q

(π⊺
tΣA,tΣ

⊺
A,tπt) = αΣA

+ βΣA p X
p+ Xp η

p
h ωh

ΣA m ηmq X
q

(µP,t)
k = αk

P + βk
P p X

p+ Xp η
p

h ωkh
P m ηmq X

q(
ΣP,tρPA,tΣ

⊺
A,tπt

)k
= αk

ΣPA + βk
ΣPA p X

p+ Xp η
p

h ωkh
ΣPA m ηmq X

q(
ΣP,tΣ

⊺
P,t

)k
l
= αk

ΣP l+ βk
ΣP lp X

p+ Xp η
p

h ωk h
ΣP l m ηmq X

q

(µX,t)
k = αk

X − βk
X p X

p+ Xp η
p

h ωkh
X m ηmq X

q(
ΣX,tρXA,tΣ

⊺
A,tπt

)k
= αk

ΣXA + βk
ΣXA p X

p+ Xp η
p

h ωkh
ΣXA m ηmq X

q(
ΣX,tρXP,tΣ

⊺
P,t

)k
l
= αk

ΣXΣP l+ βk
ΣXΣP lp X

p+Xp η
p

h ωk h
ΣXΣP l m ηmq X

q(
ΣX,tΣ

⊺
X,t

)k
l
= αk

ΣX l+ βk
ΣX lp X

p+ Xp η
p

h ωk h
ΣX l m ηmq X

q (A.36)
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Section A.22 shows how to explicitly solve the diagonalized version of the aforementioned
Riccati ODEs for an ample range of cases. This explicit solution assumes time invariant coef-
ficients but, when the investment strategy π depends on time, Corollary 3 can help to isolate
time dependent coefficents in a separate PDE and leave only time invariant coefficients for
Section A.22.

A.18 Proof of semi-linear PDE separation, Lemma 10

Using the Ansatz

g(t,X) =g1(t,X1,t)g2(t,X2,t)

and substituting into (38) we arrive at

0 =g2(t,X2,t)

(
∂tg1,t + (∂X1g1,t)

⊺
(
B1,t + C̃1,t∂X2 log g2,t

)
+

1

2

(∂X1g1,t)
⊺(C1,t −D1,t)∂X1g1,t
g1(t,X1,t)

+
1

2
tr
(
D1,t∂X1X

⊺
1
g1,t
)
+ g1(t,X1,t)

(
R1,t + (∂X2 log g2,t)

⊺B̂1,t

+
1

2
(∂X2 log g2,t)

⊺Ĉ1,t∂X2 log g2,t

+
1

2
tr
(
D̂1,t∂X2X

⊺
2
log g2,t

)))

+ g1(t,X1,t)

(
∂tg2,t + g2(t,X2,t)R2,t + (∂X2g2,t)

⊺B2,t +
1

2

(∂X2g2,t)
⊺(C2,t −D2,t)∂X2g2,t
g2(t,X2,t)

+
1

2
tr
(
D2,t∂X2X

⊺
2
g2,t
))

which is satisfied when PDEs (41) (42) hold. Under conditions 1, 2, the parameters of PDE
(42) only dependent on X1,t or time, but not on X2,t. Parameters of PDE (41) only depend on
X2,t or time.

A.19 Proof of time separation, Corollary 3

Applying Lemma 10 with an empty state partition X1,t reduces the PDE (42) to an ODE for
g1(t)

0 =∂tg1,t + g1(t)

(
R1,t + (∂X2 log g2,t)

⊺B̂1,t +
1

2
(∂X2 log g2,t)

⊺Ĉ1,t∂X2 log g2,t

+
1

2
tr
(
D̂1,t∂X2X

⊺
2
log g2,t

))
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and the solution to this linear ODE with boundary condition g1(T ) is just

g1(t) = g1(T ) exp

(∫ T

t

(
R1,s + (∂X2 log g2,s)

⊺B̂1,s +
1

2
(∂X2 log g2,s)

⊺Ĉ1,s∂X2 log g2,s

+
1

2
tr
(
D̂1,s∂X2X

⊺
2
log g2,s

))
ds

)
.

A.20 Brief explanation of tensor notation

A tensor is a generalization of vectors and matrices that can accommodate any arbitrary number
of axes.

Consider matrices A and B of size n× n, column vectors x, y and z of size n and a scalar
c. Using tensor notation we need refer to the matrix Ai

j specifying the indices i for the row
axis and j for the column axis. The position of indices determines the axes that they refer to,
for instance Aj

i refers to rows with j and to columns with i but it is otherwise equivalent to
our previous example except for the change in “labels”. If an index is omitted, it is understood
that we contract the omitted axis and sum its values. E.g. writing Ai in tensor notation would
be equivalent to A1 in matrix notation.

Indices need to be specified in both sides of an assignment, and they can appear as subscripts
(covariant) or superscripts (contravariant). When the same index appears twice in a product
expression once as a subscript and once as a superscript regardless of product order, it is
equivalent to the inner product, that is

yi = Ai
j x

j = xjAi
j = Aij xj = xjA

ij

is equivalent to y = Ax in matrix notation. If an index appears twice as a superscript or
subscript on different tensors regardless of product order, then it is equivalent to an elementwise
product, e.g. zi = xiyi = yixi is equivalent to z = diag (x) y. The outer product A = xy⊺ in
matrix notation corresponds to Ai

j = xi yj = yj x
i in tensor notation. If an unassigned index

appears twice on the same tensor, once as covariant and once as contravariant c = Ai
i , it is

equivalent to the trace in matrix notation c = tr (A). An assigned index appearing twice as
covariant or contravariant on the same tensor xi = Aii extracts its diagonal x = diag(A). With
these rules it is also easy to see that the matrix transpose B = A⊺ is equivalent to Bi

j = A i
j .

In this environment it is handy to define the Kronecker delta δ

δij =

{
1 if i = j

0 otherwise
, (A.37)

then building a diagonal matrix from a vector A = diag(x) becomes Ai
j = xi δij .

Tensor notation is very flexible and allows some expressions that cannot be translated
to matrix notation. While in matrices the first axis is contravariant and the second axis is
covariant, tensor notation allows the expression Aij making both indices covariant. The rules
explained here extend quite naturally to tensors of more than 2 axes, like Ci l

jk .

Subscripts and superscripts on the main tensor symbol are part of the tensor object. For
instance descriptive subscripts C, t and D, t add a time index τ and help to distinguish tensors

βk
C,τ lp and βk

D,τ lp that have axes k, l, p.
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A.21 Reducing semi-linear PDE to Riccati ODEs, Lemma 11

Consider the PDE (38) for g(t,Xt) with some deterministic boundary condition g(T,Xt) and
dynamic parameters Rt := R(t,Xt) as a scalar, Bt := B(t,Xt) of size nX , Ct := C(t,Xt)
symmetric of size nX × nX and Dt := D(t,Xt) symmetric of size nX × nX

0 =∂tgt + gtRt + (∂Xgt)
⊺Bt +

1

2

(∂Xgt)
⊺ (Ct −Dt) ∂Xgt
g(t,Xt)

+
1

2
tr (∂XX⊺gtDt) .

This section uses tensor notation described in Section A.20. Assume that the boundary
condition can be decomposed in terms of the following deterministic coefficients

g(T,X) =ea(0)+Xi b(0)
i+ 1

2
Xi η

i
µ c(0)µν ηνj Xj

.

Reducing the PDE (38) into Riccati ODEs is possible when state dependence can be
reparametrized using quadratic terms as in Liu (2007). This can be expressed in tensor notation
and using time horizon τ = T − t as

(RT−τ ) = αR,τ + βR,τ p X
p + Xp η

p
h ωh

R,τ m ηmq X
q

(BT−τ )
k = αk

B,τ + βk
B,τ p X

p + Xp η
p

h ωkh
B,τ m ηmq X

q

(CT−τ )
k
l = αk

C,τ l + βk
C,τ lp X

p + Xp η
p

h ωk h
C,τ l m ηmq X

q

(DT−τ )
k
l = αk

D,τ l + βk
D,τ lp X

p + Xp η
p

h ωk h
D,τ l m ηmq X

q

where parameters subscripted with left subscripts C and D are symmetric with respect to the
first two indices, e.g. βk

C,τ lp = β k
C,τ l p . On the right hand side, ηmq is constant and remaining

parameters α□,τ , β□,τ , ω□,τ can still be time dependent through time horizon τ but not state
X dependent. Time subindex on X is omitted to reduce notation clutter.

This general formulation includes those of Kim and Omberg (1996), Wachter (2002) and
Liu (2007). The solution to the PDE is based upon the following ansatz

g(t,X) =ea(T−t)+Xi b(T−t)i+ 1
2
Xi η

i
µ c(T−t)µν ηνj Xj

.

Main Riccati ODEs Using τ = T − t and substituting the ansatz into the PDE (38) yields,
under restrictions (A.41)-(A.43) and (A.44) detailed below, the following system of coupled
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ODEs3

∂τa = αR,τ + αk
B,τ b(τ)k +

1

2
αk

C,τ l b(τ)k b(τ)
l +

1

2
αk

D,τ l η
l

µ ηνk
c(τ)µν + c(τ) µ

ν

2
(A.38)

∂τ b
i = βi

R,τ + βki
B,τ b(τ)k +

1

2
βk i

C,τ l b(τ)k b(τ)
l + αk

C,τ l η
ν
k η

i
µ

c(τ)µν + c(τ) µ
ν

2
b(τ)l

+

(
αk

B,τ η i
µ +

1

2
βk i

D,τ l η l
µ

)
ηνk

c(τ)µν + c(τ) µ
ν

2
(A.39)

∂τ c
i
j =2 ωi

R,τ j + 2 β̂ ν
B,τ j

c(τ)iν + c(τ) i
ν

2
+ ωk i

D,τ l j η
l

µ ηνk
c(τ)µν + c(τ) µ

ν

2

+ αk
C,τ l η

ν
k η

l
µ

c(τ)iν + c(τ) i
ν

2

c(τ)µj + c(τ) µ
j

2
+ 2 ωki

B,τ j b(τ)k + ωk i
C,τ l j b(τ)

l b(τ)k

(A.40)

with the previously assumed a(0), b(0)i , c(0)ij as boundary conditions.

The following restrictions remove the cubic and quartic X terms from the PDE

ωkh
B,τ m ηνk

c(τ)µν + c(τ) µ
ν

2
=0 (A.41)

ωk h
C,τ l m b(τ)l ηνk

c(τ)µν + c(τ) µ
ν

2
=0 (A.42)

βk p
C,τ l ηνk

c(τ)µν + c(τ) µ
ν

2
=0 (A.43)

while additionally imposing this other restriction helps to simplify the ODE for cij in (A.40)

βk
B,τ q η

ν
k

c(τ)iν + c(τ) i
ν

2
= β̂ ν

B,τ j ηjq
c(τ)iν + c(τ) i

ν

2
(A.44)

where β̂ ν
B,τ j is defined implicitly through this restriction.

In general the above system of Riccati equations is not guaranteed to have a unique solution
and even existence of a solution can depend on the parameters and time horizon considered.
The numerical procedure to solve for a(τ) is straightforward: integrate (A.38) using initial
condition a(0). Numerically solving (A.39) and (A.40) for b(τ)i and c(τ)ij is also possible, e.g.
discretizing, but it is more computationally involved. If parameters are time varying, one also
needs to apply the appropriate transformation so that they are indexable by τ = T − t.

A solution to a simple case In the special case of βi
R,τ = 0, ωi

R,τ j = 0, b(0)i = 0 and
c(0)ij = 0, the restrictions (A.41)-(A.43) and (A.44) are not needed, since those terms involve
c(τ)ij and its value is zero. The solution in this case is simply

a(τ) =a(0) +

∫ τ

0

αR,s ds

b(τ)i =0

c(τ)ij =0.

3The ODE for cij admits an alternative definition to (A.40), where the term β̂ ν
B,τ j

c(τ)iν +c(τ) i
ν

2 is replaced

by β̂i
B,τ µ

c(τ)µj +c(τ) µ
j

2 . The definition of choice is simply a matter of convetion and both produce the same
final expression g(t,Xt) because the quadratic term is symmetric. Some terms related to C were also simplified
based on this symmetry.
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Diagonalized Riccati ODEs Some interesting closed form solutions can be obtained by
diagonalization when parameters are constant. Let δ denote the Kronecker delta (A.37) and
the binary operator ⊙ denote the Hadamard product. The Riccati ODEs can be diagonalized
with c(τ) = diag (c̃1(τ), c̃2(τ), . . .) to partly decouple the ODEs as

∂τa =υ0 + υ⊺
3b(τ) +

1

2
tr (ℓ5b(τ)b(τ)

⊺) +
1

2
tr (ℓ7 diag (c̃(τ)))

∂τbi =υ1,i − ℓ⊺4,ib(τ) +
1

2
υ6,ib

2
i (τ) + υ8,ic̃i(τ) + ℓ⊺5,ib(τ)c̃i(τ) for i = 1, . . . , nX

∂τ c̃i =2υ2,i − 2υ9,ic̃i(τ) + υ5,ic̃
2
i (τ) for i = 1, . . . , nX

with boundary conditions a(0), bi(0) and c̃i(0) for i = 1, . . . , nX . Scalar parameter υ0, vector
parameters υ1, υ2, υ3, υ6, w8, w9 of size nX , symmetric matrix parameters ℓ5, ℓ7 of size nX × nX

and lower triangular matrix parameter ℓ4 of size nX × nX correspond, in matrix notation, to
the following decomposition

Rt = υ0 + υ⊺
1X + υ⊺

2X
2

Bt = υ3 − ℓ⊺4X

Ct = ℓ5 + diag (υ6 ⊙X)

Dt = ℓ7 + diag (w8 ⊙X) + diag
(
w9 ⊙X2

)
,

which is subject to the restrictions

υ6 ⊙ υ̃2 =0 (A.45)

υ̃2υ̃
⊺
2 ⊙ ℓ5 =diag (υ̃2 ⊙ υ5) (A.46)

υ̃61
⊺ ⊙ ℓ4 =diag (υ̃6 ⊙ υ4) (A.47)

υ̃21
⊺ ⊙ ℓ⊺4 =diag (υ̃2 ⊙ υ4) (A.48)

and, when ℓ4 is a non-diagonal matrix, there is an additional restriction on the following
expression to be a lower triangular matrix

υ̃21
⊺ ⊙ ℓ5. (A.49)

Here and in the following I use the shorthand notation

υ4 := diag (ℓ4)

υ5 := diag (ℓ5)

υ̃6 :=1υ6 ̸=0

υ̃2 :=1υ2 ̸=0 ∨ c̃(0)̸=0

υ8 :=υ3 +
w8

2

υ9 :=υ4 −
w9

2
.

The diagonalized ODEs above admit a more general decomposition of D, although it requires
the use of tensor notation

Dk
l = (ℓ7)

k
l + βk i

D l Xi + ωk i
D l j Xi X

j

(w8)i := βD iii

(w9)i := ωD iiii

(A.50)
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subject to restrictions

(υ̃2)
k (υ̃2)

i βkki
D = δki (υ̃2)

i (w8)
i

(υ̃2)
k (υ̃2)

i (υ̃2)j ωkki
D j = δki δij (υ̃2)

i (w9)
i .

Section A.22 describes how to solve these diagonalized Riccati ODEs explicitly, which in
turn solve the PDE as

g(t,X) =ea(T−t)+b(T−t)⊺X+ 1
2
c̃(T−t)⊺X2

.

The diagonalized Riccati ODEs were derived by imposing some restrictions to the main
Riccati ODEs above. This diagonalization corresponds to the case in which η = I is the identity
matrix, ωki

B j = 0, ωk i
C l j = 0, vectors υ6,i, υ2,i satisfy the following diagonal constraints

βk i
C l =δki δ i

l (υ6)
i

ωi
R j =δij (υ2)

i ,

and remaining terms correspond to

υ0 = αR υ1,i = βi
R υ3,i = αi

B (ℓ4)
k
p =− β̂k

B p = − β k
B p

υ4,i = diag (ℓ4)
i (ℓ5)

k
l = αk

C l υ5,i = diag (ℓ5)
i (ℓ7)

k
l = αk

D l

(w8)i = βD iii (w9)i = ωD iiii υ8,i =υ3,i +
w8,i

2
υ9,i =υ4,i −

w9,i

2
υ̃2 =1υ2 ̸=0 ∨ c̃(0)̸=0 υ̃6 =1υ6 ̸=0.

The restriction below diagonalizes interactions of term αk
C l in (A.40) and prevents the intro-

duction of reciprocal dependencies through αk
C l in (A.39)

(υ̃2)
i (υ̃2)j (ℓ5)

i
j = δij (υ̃2)

i (υ5)
i

giving (A.46). The following restrictions make the k, l traced diagonals of βk i
D l in (A.40) and

of ωk i
D l j in (A.39) to become diagonal also with respect to i, j

(υ̃2)
k (υ̃2)

i βkki
D = δki (υ̃2)

i (w8)
i

(υ̃2)
k (υ̃2)

i (υ̃2)j ωkki
D j = δki δ i

j (υ̃2)
i (w9)

i

giving the restrictions associated to decomposition (A.50). This other restriction ensures that
constraint (A.43) is satisfied

(υ6)
i (υ̃2)

i = 0i

giving rise to condition (A.45). The restriction

(υ̃6)
p (ℓ4)

p
k =δpk (υ̃6)

p (υ4)
p

makes sure that when υ̃6,i ̸= 0, term βki
B,τ for bi(τ) in (A.39) only have terms referencing

component i giving rise to (A.47). The restriction

(υ̃2)
k (ℓ4)

k
p =δ k

p (υ̃2)
k (υ4)

k

helps to ensure a diagonal structure for ci(τ) in (A.40) by imposing a partial diagonalization of
β̂ ν

B,τ j and gives rise to (A.48). To avoid reciprocal dependencies across ℓ4, ℓ5 terms in (A.39)
when ℓ4 is non-diagonal, I restrict the following expression to be a lower triangular matrix

(υ̃2)
k (ℓ5)

k
l

making non-diagonal matrix terms produce a lower triangular matrix expression(
β i

B,τ l + c̃(τ)i αi
C,τ l

)
b(τ)l

giving rise to (A.49).

59



A.22 Closed form solutions to diagonalized Riccati ODEs, Lemma 11

As shown in Section A.21, if the parameters of the semi-linear PDE from Definition 3 can be
reformulated in terms of constant quadratic coefficients satisfying 4

Rt = υ0 + υ⊺
1X + υ⊺

2X
2

Bt = υ3 − ℓ⊺4X

Ct = ℓ5 + diag (υ6 ⊙X)

Dt = ℓ7 + diag (w8 ⊙X) + diag
(
w9 ⊙X2

)
with scalar parameter υ0, vector parameters υ1, υ2, υ3, υ6, w8, w9 of size nX , symmetric matrix
parameters ℓ5, ℓ7 of size nX × nX and lower triangular matrix parameter ℓ4 of size nX × nX

subject to restrictions

υ6 ⊙ υ̃2 =0 (A.51)

υ̃2υ̃
⊺
2 ⊙ ℓ5 =diag (υ̃2 ⊙ υ5) (A.52)

υ̃61
⊺ ⊙ ℓ4 =diag (υ̃6 ⊙ υ4) (A.53)

υ̃21
⊺ ⊙ ℓ⊺4 =diag (υ̃2 ⊙ υ4) (A.54)

and subject to the boundary condition decomposition below with deterministic a(0), b(0), c̃(0)

g(T,X) =ea(0)+b(0)⊺X+ 1
2
c̃(0)⊺X2

then the candidate solution corresponds to

g(t,X) =ea(T−t)+b(T−t)⊺X+ 1
2
c̃(T−t)⊺X2

with a(τ), b(τ), c̃(τ) as solutions to the diagonalized Riccati ODEs below (A.56) (A.57) (A.58).

Here and in the following I use the shorthand notation

υ4 := diag (ℓ4)

υ5 := diag (ℓ5)

υ̃6 :=1υ6 ̸=0

υ̃2 :=1υ2 ̸=0 ∨ c̃(0)̸=0

υ8 :=υ3 +
w8

2

υ9 :=υ4 −
w9

2
.

When ℓ4 is a non-diagonal matrix, there is an additional restriction on the following expression
to be a lower triangular matrix

υ̃21
⊺ ⊙ ℓ5. (A.55)

Now consider the associated system of ODEs with constant parameters

∂τa =υ0 + υ⊺
3b(τ) +

1

2
tr (ℓ5b(τ)b(τ)

⊺) +
1

2
tr (ℓ7 diag (c̃(τ))) (A.56)

∂τbi =υ1,i − ℓ⊺4,ib(τ) +
1

2
υ6,ib

2
i (τ) + υ8,ic̃i(τ) + ℓ⊺5,ib(τ)c̃i(τ) for i = 1, . . . , nX (A.57)

∂τ c̃i =2υ2,i − 2υ9,ic̃i(τ) + υ5,ic̃
2
i (τ) for i = 1, . . . , nX (A.58)

4Note that D also accepts a more general decomposition described in Section A.21 at the expense of more
complex notation.
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and constant boundaries a(0), bi(0) and c̃i(0) for i = 1, . . . , nX .

The solution to a(τ) is

a(τ) =a(0) + υ0τ + υ⊺
3

∫ τ

0

b(s) ds+
1

2
tr

(
ℓ5

∫ τ

0

b(s)b(s)⊺ ds

)
+

1

2
tr

(
ℓ7 diag

(∫ τ

0

c̃(s) ds

))
(A.59)

The remaining parts of this section show how to explicitly solve the bi(τ) and c̃i(τ) for
each ith component under different restrictions. These solutions enter a(τ) again through the
integrals in right hand side of (A.59). Closed form expressions for the integrals of c̃i(τ), bi(τ),
b2i (τ) and bi(τ)bj(τ) can be obtained in many cases, for instance through computer algebra
systems like Mathematica, but they are not provided here. In my experience, off-diagonal
elements bi(τ)bj(τ) are the most troublesome although their integrals are not necessary when
ℓ5 is a diagonal matrix. When closed form integrals are not available, they can be computed
numerically.

Solution when {υ2,i = 0 and c̃i(0) = 0} and {υ1,i = 0 and bi(0) = 0 and ℓ4,i,−i = 0} In
this case we have that bi(τ) = 0 and c̃i(τ) = 0 thus these components disappear and their
associated integrals disappear from (A.59).

Solution when {υ2,i = 0 and c̃i(0) = 0} and {υ1,i ̸= 0 or bi(0) ̸= 0 or ℓ4,i,−i ̸= 0} and
υ6,i = 0 In this case we have that c̃i(τ) = 0 and (A.57) transforms into a simple linear ODE
for bi(τ) with solution

bi(τ) =

{
bi(0) + υ1,iτ − ℓ⊺4,i,−i

∫ τ

0
b−i(s) ds if υ4,i = 0

bi(0)e
−υ4,iτ + υ1,i

1−e−υ4,iτ

υ4,i
− ℓ⊺4,i,−i

∫ τ

0
b−i(s)e

−υ4,i(τ−s) ds otherwise.

Negative indexes like b−i(s) select all the positions along the axis except for the specified
one i. Restrictions (A.52) (A.53) (A.55) prevent simultaneous dependencies among b−i(τ)
components. When dealing only with this kind of components, the restriction of ℓ4 to be a
lower triangular matrix makes it possible to sequentially solve each bi(τ) component in order
i = 1, . . . , nX .

Solution when {υ2,i = 0 and c̃i(0) = 0} and {υ1,i ̸= 0 or bi(0) ̸= 0} and υ6,i ̸= 0 In this
instance, we have that c̃i(τ) = 0 and we focus on bi. Solutions for bi(τ) fall into different cases
depending on κi

κi =υ2
4,i − 2υ1,iυ6,i.

Rearrange (A.57) to integrate over time horizon∫ τ

0

1 ds =

∫ τ

0

∂sbi(s)

υ1,i − υ4,ibi(s) +
1
2
υ6,ib2i (s)

ds
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The solution can be found using integration tables

bi(τ) =



(
υ1,i+

(−υ4,i−
√κi)

2
bi(0)

)
(1−e−

√κiτ)+
√κibi(0)

√κi−
(υ6,ibi(0)−υ4,i+

√κi)
2 (1−e−

√κiτ)
if κi > 0 and


√
κi > υ6,ibi(0)− υ4,i
or else

τ < −
log
(

υ6,ibi(0)−υ4,i−
√κi

υ6,ibi(0)−υ4,i+
√κi

)
√κi


υ4,i−

υ4,i−υ6,ibi(0)

1+
υ4,i−υ6,ibi(0)

2 τ

υ6,i
if κi = 0 and


0 ≤ υ4,i − υ6,ibi(0)
or else

τ < − 2

υ4,i − υ6,ibi(0)


υ4,i+

√
−κi tan

(
arctan

(
υ6,ibi(0)−υ4,i√

−κi

)
+

√
−κi
2

τ

)
υ6,i

if


κi < 0

and τ <
π − 2 arctan

(
υ6,ibi(0)−υ4,i√

−κi

)
√
−κi



.

(A.60)

Note that π refers to the trigonometric constant in this context. Dependencies on other b(τ)
components are ruled out by restrictions (A.51) (A.53).

Solution when {υ2,i ̸= 0 or c̃i(0) ̸= 0} and υ6,i = 0 In this instance, solutions for c̃i(τ) fall
into different cases depending on ℏi as detailed by Kim and Omberg (1996)

ℏi =4υ2
9,i − 8υ5,iυ2,i.

First we rearrange (A.58) and integrate over time horizon∫ τ

0

1 ds =

∫ τ

0

∂sc̃i(s)

2υ2,i − 2υ9,ic̃i(s) + υ5,ic̃2i (s)
ds

then we can find the solution using integration tables

c̃i(τ) =



2υ2,iτ + c̃i(0) if υ5,i = 0 and υ9,i = 0

υ2,i
1−e−2υ9,iτ

υ9,i
+ c̃i(0)e

−2υ9,iτ if υ5,i = 0 and υ9,i ̸= 0

(
2υ2,i+

(
−υ9,i−

√
ℏi
2

)
c̃i(0)

)(
1−e−

√
ℏiτ
)
+
√
ℏic̃i(0)

√
ℏi−

(
υ5,ic̃i(0)−υ9,i+

√
ℏi
2

)(
1−e−

√
ℏiτ
) if



υ5,i ̸= 0 and ℏi > 0

and


υ9,i > υ5,ic̃i(0)−

1

2

√
ℏi

or else

τ < −
log

(
υ5,ic̃i(0)−υ9,i−

√
ℏi
2

υ5,ic̃i(0)−υ9,i+

√
ℏi
2

)
√
ℏi




υ9,i−

υ9,i−υ5,ici(0)

1+(υ9,i−υ5,ici(0))τ
υ5,i

if


υ5,i ̸= 0 and ℏi = 0

and


0 ≤ υ9,i − υ5,ici(0)
or else

τ < − 1

υ9,i − υ5,ici(0)




υ9,i+

√
−ℏi
2

tan

(
arctan

(
2υ5,ic̃i(0)−2υ9,i√

−ℏi

)
+

√
−ℏi
2

τ

)
υ5,i

if


υ5,i ̸= 0 and ℏi < 0

and τ <
π − 2 arctan

(
2υ5,ic̃i(0)−2υ9,i√

−ℏi

)
√
−ℏi



.

(A.61)
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Once c̃i(τ) is solved, the expression can be plugged into the ODE for bi(τ) (A.57). Solving
this inhomogenous linear ODE is straightforward as long as it remains finite

bi(τ) =

∫ τ

0
e
∫ s
0 (υ4,i−υ5,ic̃i(u))du

(
υ1,i + υ8,ic̃i(s) + c̃i(s)ℓ

⊺
5,i,−ib−i(s)− ℓ⊺4,i,−ib−i(s)

)
ds+ bi(0)

e
∫ τ
0 (υ4,i−υ5,ic̃i(s))ds

.

Negative indexes like b−i(s) select all the positions along the axis except for the specified one i.
Restrictions (A.52) (A.53) (A.55) prevent simultaneous dependencies among b−i(τ) components.
The restriction of ℓ4 to be a lower triangular matrix together with restriction (A.55) makes it
possible to sequentially solve each bi(τ) component in order i = 1, . . . , nX . When ℓ4 is a diagonal
matrix, restriction (A.55) is not necessary. In this case one can solve first for each j component
of the b−i(τ) associated with non-zero ℓ5,i,−i coefficients because their c̃j(s) = 0 and therefore
they cannot depend on other b−j(τ) through ℓ5,i,−i.

Known closed form solutions to bi(τ), assuming that ℓ5,i,−i = 0 and ℓ4,i,−i = 0, are displayed
separately for the main groups of cases depending on the values of υ5,i and ℏi.

If υ5,i = 0

bi(τ) =



bi(0) + (υ1,i + υ8,ic̃i(0)) τ + υ8,iυ2,iτ
2 if υ9,i = 0 and υ4,i = 0

bi(0)e
−υ4,iτ + 2

υ8,iυ2,i
υ4,i

τ +
(
υ1,i + υ8,i

(
c̃i(0)− 2

υ2,i
υ4,i

))
1−e−υ4,iτ

υ4,i
if υ9,i = 0 and υ4,i ̸= 0

bi(0) +
(
υ1,i +

υ8,iυ2,i
υ9,i

)
τ + υ8,i

(
c̃i(0)− υ2,i

υ9,i

)
1−e−2υ9,iτ

2υ9,i
if υ9,i ̸= 0 and υ4,i = 0(

bi(0)e
−υ4,iτ +

(
υ1,i + 2

υ8,iυ2,i
υ4,i

)
1− e−υ4,iτ

υ4,i

+υ8,i

(
c̃i(0)−

2υ2,i
υ4,i

)
τe−υ4,iτ

)
if 2υ9,i = υ4,i ̸= 0(

bi(0)e
−υ4,iτ +

(
υ1,i +

υ8,iυ2,i
υ9,i

)
1− e−υ4,iτ

υ4,i

+υ8,i

(
υ2,i
υ9,i

− c̃i(0)

)
e−2υ9,iτ − e−υ4,iτ

2υ9,i − υ4,i

)
if

{
υ9,i ̸= 0 and υ4,i ̸= 0
and 2υ9,i ̸= υ4,i

}
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If υ5,i ̸= 0 and ℏi > 0 and c̃i(0) = 0

bi(τ) =



2υ2,i

(
√
ℏi

2υ2,i
bi(0)

+
(
υ8,i +

(
υ9,i +

√
ℏi
2

)
υ1,i
2υ2,i

)
τ

−
(
υ8,i +

(
υ9,i −

√
ℏi
2

)
υ1,i
2υ2,i

)
1−e−

√
ℏiτ√

ℏi

)
√
ℏi−(−υ9,i+

1
2

√
ℏi)(1−e−

√
ℏiτ )

if υ9,i − υ4,i =
√
ℏi
2

2υ2,i

(
√
ℏi

2υ2,i
bi(0)e

−
√
ℏiτ

+
(
υ8,i +

(
υ9,i +

√
ℏi
2

)
υ1,i
2υ2,i

)
1−e−

√
ℏiτ√

ℏi

−
(
υ8,i +

(
υ9,i −

√
ℏi
2

)
υ1,i
2υ2,i

)
τe−

√
ℏiτ

)
√
ℏi−(−υ9,i+

1
2

√
ℏi)(1−e−

√
ℏiτ )

if υ9,i − υ4,i = −
√
ℏi
2

2υ2,i

K1,i+K2,ie
−
√

ℏiτ+

(
bi(0)

√
ℏi

2υ2,i
−K1,i−K2,i

)
e

(
υ9,i−υ4,i−

√
ℏi
2

)
τ


√
ℏi−

(
−υ9,i+

√
ℏi
2

)
(1−e−

√
ℏiτ )

if |υ9,i − υ4,i| ≠
√
ℏi
2

under the restrictions

υ9,i > −
√
ℏi
2

or else τ < −
log
(

−2υ9,i−
√
ℏi

−2υ9,i+
√
ℏi

)
√
ℏi

where

K1,i =
2υ8,i +

(
υ9,i +

√
ℏi
2

)
υ1,i
υ2,i√

ℏi − 2 (υ9,i − υ4,i)

K2,i =
2υ8,i +

(
υ9,i −

√
ℏi
2

)
υ1,i
υ2,i√

ℏi + 2 (υ9,i − υ4,i)
.
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If υ5,i ̸= 0 and ℏi = 0

bi(τ) =



bi(0)+

(
υ1,i+υ8,i

υ4,i
υ5,i

)
(τ+

υ4,i
2

τ2)
1+υ4,iτ

if

{
υ9,i = υ4,i
and υ9,i = υ5,ici(0)

}
(
bi(0) +

(
υ1,i + υ8,i

υ4,i
υ5,i

) (
τ +

υ4,i
2
τ 2
)

−υ8,i
υ5,i

(υ4,i − υ5,ici(0)) τ

− ci(0)υ8,i

(
τ − log(1+(υ4,i−υ5,ici(0))τ)

υ4,i−υ5,ici(0)

))
1+υ4,iτ

if

{
υ9,i = υ4,i
and υ9,i ̸= υ5,ici(0)

}
(
bi(0)

+
(
υ1,i +

υ8,i
υ5,i

υ9,i

)(1− e−(υ9,i−υ4,i)τ

υ9,i − υ4,i

− υ9,i
τe−(υ9,i−υ4,i)τ − 1−e−(υ9,i−υ4,i)τ

υ9,i−υ4,i

υ9,i − υ4,i

))
(1+υ9,iτ)e

−(υ9,i−υ4,i)τ
if

{
υ9,i ̸= υ4,i
and υ9,i = υ5,ici(0)

}
(
bi(0) + υ1,i

1−e−(υ9,i−υ4,i)τ

υ9,i−υ4,i

−

(
υ1,i+υ8,i

υ9,i
υ5,i

)
υ9,i

υ9,i−υ4,i

(
τe−(υ9,i−υ4,i)τ − 1−e−(υ9,i−υ4,i)τ

υ9,i−υ4,i

)
+ ci(0)υ8,ie

υ9,i−υ4,i
υ9,i−υ5,ici(0)

·

(
Ei
(

−(υ9,i−υ4,i)

υ9,i−υ5,ici(0)
− (υ9,i − υ4,i)τ

)
− Ei

(
−(υ9,i−υ4,i)

υ9,i−υ5,ici(0)

))
υ9,i − υ5,ici(0)

)
(1+υ9,iτ)e

−(υ9,i−υ4,i)τ
if

{
υ9,i ̸= υ4,i
and υ9,i ̸= υ5,ici(0)

}
under the restrictions

υ9,i ≥ 0 or else τ < − 1

υ9,i
.

where Ei is the exponential integral Ei(x) =
∫ x

−∞
et

t
dt.

If υ5,i ̸= 0 and ℏi < 0

bi(τ) =bi(0)e
−(υ4,i−υ9,i)τ sec

(
K3,i +

√
−ℏi
2

τ

)
cos (K3,i)

+

(
K4,i +K5,i tan

(
K3,i +

√
−ℏi
2

τ
)

− e−(υ4,i−υ9,i)τ sec
(
K3,i +

√
−ℏi
2

τ
)(K4,i cos (K3,i)

+K5,i sin (K3,i)

))
(υ4,i − υ9,i)

2 − ℏi
4
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under the restriction

τ <
π − 2 arctan

(
2υ5,ic̃i(0)−2υ9,i√

−ℏi

)
√
−ℏi

where

K3,i =arctan

(
2υ5,ic̃i(0)− 2υ9,i√

−ℏi

)
K4,i =υ1,i (υ4,i − υ9,i) + υ8,i

(
υ9,iυ4,i
υ5,i

− 2υ2,i

)
K5,i =

(
υ1,i +

υ8,i
υ5,i

υ4,i

) √
−ℏi
2

.

Closed form expressions for integrals of c̃i, bi and b2i can be obtained for many cases. Im-
posing restrictions like υ9,i = υ4,i and c̃i(0) = bi(0) = 0 helps to find closed form expressions for
tough cases.

Solution when {υ2,i ̸= 0 or c̃i(0) ̸= 0} and {υ1,i = 0 and bi(0) = 0} and υ8,i = 0 and
ℓ5,i,−i = 0 and ℓ4,i,−i = 0 Then bi(τ) = 0 and c̃i(τ) coincides with (A.61).

Solution when {υ2,i ̸= 0 or c̃i(0) ̸= 0} and υ6,i ̸= 0 and ℓ5,i = 0 and υ8,i = 0 Then bi(τ)
and c̃i(τ) coincide with restricted instances of (A.60) and (A.61). Although they technically
solve (A.57) (A.58), these constraints do not correspond to quadratic cases from Section A.21.
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